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Abstract—An efficient design of equiripple half-band FIR an effective evaluation of the coefficients of the impulse re
filters IfOI’ _signal compression is presented. SO!UtiOﬂ of the sponse. We present an approximating degree equation wehich i
approximation problem in terms of generating function and 210 \sefy| jn practical filter design. The advantage of the psego
phase transfer function for the equiripple half-band FIR filter is ; . . .
shown. The equiripple half-band FIR filters are optimal in the approach over th(_a '_qumer'cal d(_aS|gn procedures consistin t
Chebyshev sense. The closed form solution provides an eféiot  fact that the coefficients of the impulse response are etedua
computation of the impulse response of the filter. Two examgls by formulas. Hence, the design procedure and its speed is
are included. The robustness of the design is emphasized. @h deterministic.

Matlab code of the design procedure is included. The structure of the paper is as follows. After an
Keywords-FIR filter; half-band filter; equiripple approximation; introduction of the basic terminology in Section I, we
signal compression. present the generating polynomial and the zero phase
transfer function of an ER HB FIR filter in Section Ill. The
differential equation for the generating polynomial ana th

Half-band (HB) filter is a fundamental building block inimpulse response of an ER HB FIR filter are presented in
multirate signal processing [2]. HB filters are used amorfgection IV. Sections V and VI introduce the degree equation
others in filter banks and in image compression techniques,an ER HB FIR filter and its secondary values. The design
where the signal is iteratively decomposed using filteringrocedure is summarizes step by step in Section VII. It
and downsampling into its lower and higher subbands. This followed by two examples in Section VIII. Section IX
procedure is found, e.g., in the JPEG2000 compression [8imphasizes the robustness of the presented design precedur
Finite impulse response (FIR) filters are preferred becausppendix | summarizes the derivation of the algebraic
of their linear phase which is essential in the digital imagerocedure for the evaluation of the impulse response of the
processing. The equiripple (ER) filters are attractive bsea filter. In Appendix Il, the Matlab code of the design proceslur
of their optimality in terms of the filter degree for the sged is presented.
filter selectivity. Hence, the ER HB FIR filters are appresiat
in these tasks. There is a numerical method for designing of
ER HB FIR filters available. It is based on the numericall- | MPULSE RESPONSE TRANSFERFUNCTION AND ZERO
McClellan - Parks program [4]. It is usually combined with PHASE TRANSFERFUNCTION

a clever "Trick” [5]. The analytical design procedure [6frfo A HB filter is specified by the minimal passband frequency
trivial lowest order(n < 2) ER HB FIR filters has lim- ,T (or maximal stopband frequenay,7) and by the mini-
ited practical value. Besides this, some non-numericabdes mal attenuation in the stopbang [dB] (or maximal attenua-
methods are available for almost ER HB FIR filters, e.g., [#jon in the passband, [dB]). The antisymmetric behavior of
and [8]. In [1] and [9], we have presented a general nofis frequency response implies the relationd” = © — w,T
numerical method for the design of ER HB FIR filters. Herand 10%-9%¢» + 10°-05¢s = 1, The goal in the filter design
we are focused on this method in more detailed manner. \deto get the minimum filter lengthV satisfying the filter
are primarily concerned with the ER approximation of HB FIRpecification and to evaluate the coefficients of the impulse
filters and with the related non-numerical design proceduresponse of the filter. We assume the impulse respakse
suitable for practical design of ER HB FIR filters. We presentith odd lengthNV = 2(2n+1) + 1 coefficients and with even
the generating function and the zero phase transfer functisymmetryh (k) = h(N — 1 — k). The impulse response of the
of the ER HB FIR filter. These functions give an insighHB FIR filter with the lengthN = 2(2n + 1) + 1 contains2n
into the nature of this approximation problem. Our desigfero coefficients as follows

procedure is based on Chebyshev polynomials of the second

kind [10]. Based on the differential equation for the Chemys h(2n+1) = a(0)=05 1)
polynomials of the second kind, we have derived formulas for 2h(2n+1+£2k) = a(2k)=0,k=1...n

|I. INTRODUCTION
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Fig. 1. Generating polynomial?(w) for n = 20, «’ = 0.03922835,
A = 1.08532371 and B = 0.95360863.

2h(2n+ 1+ (2k+1)) = a(2k+1) , k=0...n .
The transfer function of the HB FIR filter is

H(z) = z~@ntD) % + Z a(2k + 1) Top41(w) @)

n

k=0 & 7

where 5_20, i
T, (w) = cos(narccos(w)) () I n ﬂ ﬂ m m n (\ ﬂ (\ n

is Chebyshev polynomial of the first kind. The frequencyé_w, l

response (e/“T) of the HB FIR filter is

H(eHT) = o—Ji2n+ 1wl Q(coswT) 4)

whereQ(w) is a polynomial in the variable) = (z +271)/2

which on the unit circle reduces to a real valued zero phas

transfer function) (w) of the real argumeni = cos(w T).
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Fig. 2. Zero phase transfer functi@p(w) for n = 20, ' = 0.03922835,
A = 1.08532371, B = 0.95360863 (cf. Fig. 1) and\/'= 0.55091994.
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Fig. 3. Amplitude frequency respongH (e7«T)| corresponding to the zero
phase transfer functio®(w) from Fig. 2.

— Il Il Il Il Il Il I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T/

Fig. 4. Amplitude frequency respong@® log |H (e/“T)| corresponding to
the zero phase transfer functigp(w) from Fig. 2.

IIl. GENERATING POLYNOMIAL AND ZERO PHASE
TRANSFERFUNCTION OF ANER HB FIR HLTER

A straightforward theory for the generating polynomial of
an ER HB FIR filter is currently not available. The generating
polynomial of an ER HB FIR filter is related to the generating
polynomial of the almost ER HB FIR filter presented in [8].
Based on our experiments conducted in [8], we have found that
the generating polynomiaF(w) (Fig. 1) of the ER HB FIR
filter is obtained by weighting of Chebyshev polynomials in
the generating polynomial of the AER HB FIR filter, namely

2w? — 1 — K2 2w? — 1 — k/?
G(w) = AU, (71 — ) +BU,,_1 <71 — 2
)

where
sin [(n + 1) arccos(z)]

Up(z) = (6)

sin [arccos(z)]
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is Chebyshev polynomial of the second kind afdB, ' are
real numbers. The zero phase transfer functid) (Fig. 2)
of the ER HB FIR is related to the generating polynomial

where the norming factalV is given by (19). Both the gen- &
erating polynomiat?(w) and the zero phase transfer function
Q(w) show the nature of the approximation of an ER HB FIR

filter.

Q(w) = % + % /G(w)dw

odd n

(@)

Qw)

Qw)

Fig. 5. Q(w) for odd and evem.

IV. DIFFERENTIAL EQUATION AND IMPULSE RESPONSE
OF AN ER HB FIR HLTER

The Chebyshev polynomial of the second kiid(w) fulfils
the differential equation

(1

— 2?)

d*U,(x)

4 dU, (x)

dx?

dzr

+n(n+2)U,(z) =0 .

(8)
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Fig. 6. Empirical dependence af[dB] on w,T/m andn.
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Fig. 7. Detailed view of Fig. 6 neav,T = 0.57.

Using substitution
2w? —1—k"?
v < 1— k"2 ) ©)
we get the differential equation (8) in the form
2
d*Un(w) 3den(w)}

wlu? - k) |(1 - u?)

dw? dw
+ [£2(1 — w?®) 4 2w (1 — w?)] 7dUCZE)w)
+ dw*n(n + 2)U,(w) =0 . (10)

Based on the differential equation (10), we have derived the
non-numerical procedure for the evaluation of the impulse
responseh, (k) corresponding to polynomiél,, (w)

w2 — 1 — k2
U, (1) = /Un (%) dw . (11)

This procedure is summarized in Tab. I. The principle of its
derivation is shown in the Appendix |. The impulse response
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Fig. 8. Empirical dependence ofw,T on «'. Fig. 10. Empirical dependence ofB on x'.

h(k) of the ER HB FIR filter is The exact relation between the minimal attenuation in the
stopbandas [dB], the minimal passband frequency,T
1 A B ; : ;
h(k) ==+ — — 1 (k) (12) and the degree were obtained experimentally. It is shown
2 N N in Fig. 6 and Fig. 7. Equation (13) was obtained by the
where the real norming facto¥ is given by (19). The non- approximation of exact experimental values in Fig. 7. The
numerical evaluation of the impulse respoigg) is essential approximating degree formula (13) is very precise. However
in the practical filter design because of its determinism.  for very low valuesw,T its precision slightly decreases. In
order to demonstrate the negligible inaccuracy for very low
valuesw, T, let us assume an ER HB FIR filter specified by
by the minimal passband frequencyT = 0.257 and by
the minimal attenuation in the stopband = —80 dB. The
approximating degree formula (13) resultsnin= 4.16194938
. while the filter specification is met fat = 4, cf. Fig. 6.

han(F) +

"n=100

100

80

nA

60

VI. SECONDARY VALUES OF THEER HB FIR HLTER

The secondary real values, A andB can be obtained from
] the specified passband frequengyl’ and from the degree
of the generating polynomial. The approximating formulas

8 o nwpT — 1.57111377n + 0.00665857

40

20

—1.01927560 n + 0.37221484 (14)
0 ! ! ; ! ! ; ; ; L n=d

Lo e A= <0.01525753n—|— 0.03682344 + 79'24750314) K

Fig. 9. Empirical dependence afA on «/'. 101701407 4 0.7357112298 (15)
and
V. DEGREE OF ANER HB FIR HLTER

_ The ex_act degree formula is not avai_lable. I_n the practicaIB - (0'00233667n_ 185418408 + m) a

gléilrjrgijlgrg,mt?ﬁe ds(:)gezeh?ec(i: ?r?inli)r‘ﬁa?gfslgggn\éw:rheqej;;g; " +1.02999650 — 70'7275 908 (16)

and from the minimal attenuation in the stopband [dB] are obtained by the approximation of experimental values

using the approximating degree formula summarized in graphs in Fig. 8 - Fig. 10. The approximating
. as[dB] — 18.18840664 w,T + 33.64775300 formulas provide a very good accuracy useful in practical
= . (3) & . .
18.54155181 w, T — 29.13196871 filter design. If desired, the exact value§ A and B can be
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TABLE |

ALGORITHM FOR THE EVALUATION

OF THE COEFFICIENTShy, (k).

given n (integer value), <’ (real value)
initialization a(2n) = a2
a@n —2) = —(2nk? + 1) a(2n)
a(@n— 4) = CAn+ 14 (n—1)(2n = 1)s" a2 —2) — (2n 4+ 1)(n + 1)x'2 o(2n)
body 2n 2n
(for kK = n down to3)
a2k —6) =
— [3(n(n + 2) — k(k — 2)) + 2k — 3+ 2(k — 2)(2k — 3)x"2] a(2k — 4)
= [Bn(n+2) = (k = V)(k + 1)) + 2(2k — 1) + 2k(2k — 1)K?] a(2k — 2)
—[nn+2) - (k-1 +D]a2k) } / [n(n+2)—(k—-3)(k—1)]
(end loop onk)
integration
(for £ = 0 to n) a2k +1) = ;k(%f)l (end loop onk)
impulse responsé., (k)
hn(2n+1)=0
(for £ =0 to n) hn(2n+1+(2k+1)) = a(%;_ L) (end loop onk)

obtained from (7) numerically (e.g. using the Matlab fuonti
fminsearch) by satisfying the equality (see Fig. 5)

QM) if n is odd
Quwp) = { Q(wo1) if nis even. (17)
The position of the local extremal value); (Fig. 5)
T
— 2 _ el2 2
w01—\/l-€ + (1 — &%) cos o1 (18)

was introduced in [8]. The relation (17) guarantees the

equiriple behaviour of the zero phase transfer functiw).

VII.
The design procedure is as follows:

D ESIGN OoF THEER HB FIR HLTER

frequencyw,T and by the minimal attenuation in the
stopbandzs [dB].

Calculate the integer degreeof the generating polyno-
mial (13).

Calculate the real values (14), A (15) andB (16).
Evaluate the partial impulse responsés, (k) and
hn—1(k) (Tab. ).

Evaluate the final impulse responké:) (12) where the
real norming factorV is

!
o
S

20log|H(e © )| [dB]
8
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Specify the ER HB FIR filter by the minimal passband

Fig. 11. Amplitude frequency respongé log |H (e7«T)| [dB].
VIll. EXAMPLES OF THEDESIGN
Example 1.

Design an ER HB FIR filter specified by the minimal passband
frequencyw,T” = 0.457 and by the minimal attenuation in
the stopbandi; = —120 dB.

Using formulas we getn
!

38.3856 — 39 (13),

k' = 0.15571103 (14), = 1.17117396 (15),
2] AUy (1) + BUn_1(1) ] ifniseven B = 0.83763199 (16) and V' = —2747.96038544 (19).
N = { 2[ AU, (wor) + BUp_1(we1)] ifnis odd. Theimpulse responde(k) (Tab. Il) with the lengthV' = 159
(19) coefficients is evaluated using algorithm summarized in
Tab. | and eq. (12). The actual valueg ,.:I = 0.45027
The Matlab source code of the design procedure is summarized a,.. = —120.91 dB satisfy the filter specification. The

in Appendix 1.
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Fig. 12. Passband of the filter.

TABLE Il oF B
COEFFICIENTS OF THEIMPULSERESPONSE /\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\M
-05 B

K h(K) K h(K) ar 1

0,158 | -0.00000070| 42, 116 0.00231877 sk i
2156 | 0.00000158| 44,114 | -0.00283354

4154 | -0.00000331| 46, 112 0.00344038
6,152 | 0.00000622| 48,110 | -0.00415347
8,150 | -0.00001087| 50 . 108 0.00498985
10,148 | 0.00001799| 52,106 | -0.00597048
12,146 | -0.00002852| 54 . 104 0.00712193
14,144 | 0.00004363| 56,102 | -0.00847897
16,142 | -0.00006481| 58 . 100 0.01008867

20log|H(e ©T)| [dB]

18, 140 0.00009384 60 , 98 -0.01201717 -351 =
20, 138 -0.00013287 62 , 96 0.01436125

22,136 0.00018446 64 , 94 -0.01726924 a4k i
24,134 -0.00025161 66 , 92 0.02098117

26, 132 0.00033779 68, 90 -0.02591284 a5l i
28, 130 -0.00044697 70 , 88 0.03285186

30, 128 0.00058370 72 , 86 -0.04348979 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

32, 126 -0.00075311 74 , 84 0.06223123 o 0.05 01 0.15 0.2 0.25 03 0.35 04 0.45
34,124 0.00096097 76 , 82 -0.10523903 T/n

36, 122 -0.00121375 78 , 80 0.31802058

28 %_:ZL(S) 888%2;%% 79 0.50000000 Fig. 14. Passband of the filter.

IX. ROBUSTNESS OF THEDESIGN

amplitude frequency response 20laige’<")| [dB] of the  The recursive evaluation of the impulse response
filter is shown in Fig. 11. The detailed view of its passbangummarized in Tab. | is extremely fast and robust. Using

is shown in Fig. 12. the proposed procedure it is possible to evaluate the irapuls
response of the ER HB FIR filter with the length of thousands
Example 2. of coefficients within a fraction of a second. In order to

Design an ER HB FIR filter specified by the minimal passbamfémonstrate this robustness, let us design an ER HB FIR
frequencyw,T" = 0.475 and by the minimal attenuation infiltler with strict specification, namely with the specified
the stopbandi; = —80 dB. minimal passband frequenay,7 = 0.4957 and minimal

We getn = 502277 — 51 (13), /' = 0.07779493 attenuation in the stopband, = —180 dB. The length of
(14), A = 1.10893402 (15), B = 0.92842531 (16) and the designed filter isV = 2347 coefficients. The amplitude

N = -226.43793850 (19). The impulse responsg(k) frequency respongél (e/7)| of the filter is shown in Fig. 15.
(Tab. 1lI) with the lengthN = 207 coefficients is evaluated

using algorithm summarized in Tab. | and eq. (12). The actual

valueswy, 4T = 0.47527 and a,; = —81.23 dB satisfy X. CONCLUSIONS

the filter specification. The amplitude frequency responseThe presented design procedure is useful in the design
20log H (e/#T)| [dB] of the filter is shown in Fig. 13. The of equiripple halfband FIR filters. The designed filters are
detailed view of its passband is shown in Fig. 14. optimal in Chebyshev sense. The generating polynomial and
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3osf - APPENDIX|
I . . . . ..
04l i In the following considerations, the identities
I B AU, (w)  dU,—2(w)
0.3 n n
2nUp—1(w) = — 20
n-(w)=—20 dw (20)
0.2 = n—1
dUszp—1(w)
01F R —_— = 2(2k + 1) Usp (w 21
=) 202k + Uk (w) (21)
ol k=0
1 1 1 1 1 1 1 1 1 dU (’(U) n
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 2n
wTin — = 2(2k)Usg—1(w 22
i ; (2k) Ui (w) (22)

Fig. 15. Amplitude frequency responsH (e/«T)). dUszp—1(w) el
wz;w = Z(2k + 1) [Uakga(w) + Uzp—1(w)] - (23)

k=0

3

the zero phase transfer function based on the Chebyshevw Z% Usi(w) + Usg—2(w)] (24)
polynomials of second kind illustrate the nature of the

approximation problem. The degree formula indispensaltdee useful. For the three terms in the differential equatidy)
for the filter design is presented. The strength of the preposwe get the relations

design method consists in the fact that the coefficients 42U, (w) AU, (w)

12 2 n n o
of the impulse response of the filter are straightforwardlyo(w? — &%) [(1 W) — W | =
evaluated using formulas from the filter specification. n
Because of its inherent determinism resulting from the Z k+1)1 [Usiys(w) + 3Usppr (w)
non-numerical approach, the presented design procedure =0
is useful in the adaptive digital signal processing as well. + 3Usk—1(w) + Uzp—s(w)]

The enclosed Matlab source code is useful in the filter design 1
+r2a(2k)4k(k + 1) [Uapy1(w) + Usp—1(w)] (25)
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[;{’2(1 w?) 4 2w?(1 — w2)] dU;(w) = Finally, from (28)-(30) fork = n — 2 we get
w
n 2na(2n — 4)
;a (26} [k + 1)02s-1(w) = K2k (10)] +(An+1+ (n—1)(2n — 1)?)a(2n — 2)
- +@2n+ 1)((n+ D2 + 1)a(2n) =0 (40)

1
+a(2k)= [(k + 1) (Uzgy1(w) 4+ 2Uz—1(w) + Usg—3(w)) o i
2 which yields the initial valuex(2n — 4) (Tab. 1). The formula

= k(Uzk43(w) + 2Unp41(w) + Usp—1 (w))] (26)  for the evaluation of the remaining coefficient&k —6) (body
and in Tab. I) follows from (32)-(35).

4uwin(n + 2)Uy, (w) =
Z n(n + 2 [U2k+3( ) + 3U2%+41
k=0

+3Usk_1 + ngfg(w)] . (27)

By collecting and summing of the coefficients belonging to
the particular degree of the Chebyshev polynomial we get

Unss(w) : 5 Inln -+ 2) — k(k + 2)] a(2k) (28)
Uina (w) - 5 [3(n(n +2) — k(k +2))

42k + 1+ 2k(2k + 1)r?] a(2k)  (29)
Ui (w) % Bn(n +2) — k(k+2)) + 2(2k + 1)

+2(k 4+ 1)(2k + 1)K"?] o(2k) (30)
Ui aw) : 3 [n(n+2) — (k= )(k + D] a(2K) . (31)

By manipulation ofk in (28)-(30) we get

% n(n +2) — (k = 3)(k — 1)] a(2k — 6) (32)
% B(n(n +2) — (k= 2)k) + 2k — 3

+2(k —2)(2k — 3)s”] a(2k —4)  (33)
5 [30n(n+2) — (k= 1)(k + 1)) +2(2k — 1)

+2k(2k — 1)K"?] a2k — 2) (34)
%[n(n—i—?) S k- 1)k + 1)) al2R) . (35)

The initial valuesv(2n), a(2n—2) anda(2n—4) follow from
(28)-(31). Fork = n we get from (28) the relation

[n(n+2) —n(n+2)]a(2n) =0 (36)

which is fulfilled for arbitrary valuex(2n). Let us choose the

value (Tab. I)
1

For k. =n — 1 we get from (28) and (29) the relation

a(2n) = (37)

(nn+2)—(n-1)(n+1))a(2n —2)
+(2n+1+2n(2n + 1)x*)a(2n) =0 (38)

yielding the initial valuea(2n — 2) (Tab. ).
a2n —2) = —(2nk"? + 1) a(2n) (39)
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APPENDIX I
% Design of Equiripple Half-Band FIR Filter
%
clear, clf reset,
adB=-80; % Specifications for Example No. 2
omp=0.475 * pi;
A00=-33.64775299940740; A01=-29.13196870512581;
A10= 18.18840663850262; All =18.54155180910656;
N=(adB-A10 * omp-A00)/(A11 *omp+A01); N=ceil(N);
k00=-0.00665856769717; k01= 1.57111377495119;
k10= 0.37221483652163; k11=-1.01927559802890;
k=(N * omp-kO1 * N-k00)/(k11  * N+k10);
al2=0.01525753184125; all1=0.03682344002622; al0=9.247 60314166335;
a01=1.01701406973534; a00=0.73512297663750;
b12=0.00233666682716;  b11=-1.35418408482371; bl1l0=5.75 145813400838;

b01=1.02999650170704;  b00=-0.72759508233144;

AA=(al2 * N» N+allx N+al0) = k+a0l » N+a00; BB=(b12 * Nt N+bll* N+b10) * k+b01 * N+b0O0;
hl=h_uarg(N,k); h2=h_uarg(N-1,k); h = hl_plus_h2(AA *h1,BB *h2);
wO0l=sqrt(k *k+(1-k *k) *(cos(pi/(2 * N+1)))"2); omOl=acos(-w01);
vals=abs(freqz(h,1,Jom01 pi]));

if 2 =floor(N/2)==N extr=vals(2); else  extr=-vals(l); end

NN=1+2¢ (2 » N+1); N2=floor(NN/2);

hleft=h(1,1:N2); hright=h(1,N2+2:NN);

h=[hleft/(2 *extr) 0.5 hright/(2 xextr)]; % Impulse Response
[H,om]=fregz(h,1,10000);

figure(1),

plot(om/pi,20 *|og10(abs(H))), grid on, axis([0 1 -100 5]),

xlabel(\omega T/ \pi’), ylabel(’20log|H(e™{j \omega T}) | [dB]),

function [alfa,kc]=uarg(n,kc)
%

if n==

alfa(2 *n+1)=1/(1-kc  *kc)n;

elseif n==1

alfa(2 *n+1)=1/(1-kc  *kc)"n; alfa(2 *n-1)=-(2 =*nxkcxkc+l) *alfa(2 *n+1);
else

alfa=zeros(1,2 *N+3);

%initialization

alfa(2 *n+1)=1/(1-kc  *kc)'n; alfa(2 *n-1)=-(2 *nxkcxkc+l) *alfa(2 *n+1);

alfa(2 *n-3)=-(4 +*n+l+kc *kc*(n-1) *(2+n-1))/2/n =*alfa(2 *n-1)-(2 =*n+1) x((n+1) =kc=*kc+1l)/2/n =*alfa(2 *n+1);

m=n;

% recursion

for j=m:-1:3
c7=m* (m+2)-(j-3) *(j-1); ¢6=3  *(m*(m+2)-(j-2) *j)+2 *j-3 + 2 *(j-2) *(2*j-3) =kc*kc;
c3=3 * (m* (Mm+2)-(j-1) *(j+1))+2  *(2*j-1)+ 2 *j*(2*j-1) *kcxkc; cl=m *(m+2)-(j-1) * (j+1);
alfa(2 =*j-5)= - (¢6 +alfa(2 *j-3) + c3 =*alfa(2 =*j-1) + cl1 =+alfa(2 =*j+1))/c7;

end

end

function h=h_uarg(m,k)

%

a=uarg(m,k);

ai=0;

for j=0:1:m, ai(1+2 *j)=a(l+2 =*j)/(1+2 =*j); end
ai=[0 ail;

h=a2h(ai);
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