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Abstract—This study employs an epidemiological framework
called SEIQR, which stands for Susceptible, Exposed, Infected,
Quarantine, and Recovered, to analyze the spread of toxicity in
online environments, integrating toxicity intensity stratification
and fractal-fractional dynamics to capture the complexity of
toxicity propagation. Using datasets from Severe Acute Res-
piratory Syndrome Coronavirus 2 (SARS-CoV-2), commonly
known as coronavirus disease (COVID-19), and social movement
discussions from the Latin American countries of Brazil and
Peru, we conduct sensitivity analysis to evaluate key parameters
influencing toxicity diffusion. The results reveal that splitting
toxicity into moderate and high levels significantly reduces model
error rates, enhancing predictive accuracy across all datasets.
Additionally, our findings indicate that the basic reproduction
number (Rp) is highly sensitive to exposure and quarantine
rates, emphasizing the critical role of enhanced moderation and
adaptive quarantining in suppressing toxicity. By incorporating
fractal-fractional operators, the model further accounts for
memory-driven toxicity spread, long-range dependencies, and
network complexity. The study demonstrates that reducing the
fractal dimension (7) and fractional order (o) slows toxicity
propagation, highlighting the influence of user behavior history
and structural dynamics in toxicity persistence. Moreover, quar-
antine interventions and content demotion strategies are shown to
significantly curb toxicity intensity while maintaining engagement
dynamics. These insights provide a foundation for policy-driven
interventions, enabling social media platforms to implement
optimized content moderation, algorithmic intervention, and
network-level strategies to mitigate online toxicity and promote
healthier digital ecosystems.

Keywords—mathematical model; toxicity; social media; epi-
demiological modeling; hate speech; COVID-19; Brazil; Peru.

I. INTRODUCTION

The rapid evolution of social media platforms has trans-
formed the way users engage in communication, share infor-
mation, and participate in public discourse. These platforms
serve as catalysts for the swift dissemination of news, educa-
tional resources, and discussions on critical societal matters.
By enabling real-time interaction across diverse audiences,
social media fosters global connectivity and awareness. How-
ever, alongside these beneficial aspects, social media has also
unintentionally become a breeding ground for the amplifica-
tion of toxic behaviors [1]. This toxicity manifests in various
forms, including hate speech, misinformation, harassment,
cyberbullying, and online extremism. The unrestricted and
algorithm-driven nature of social platforms often facilitates the

viral spread of harmful content, influencing not only individual
users but also wider societal dynamics [2], [3], [4].

The proliferation of toxicity on digital platforms has far-
reaching consequences that extend beyond online environ-
ments, affecting psychological well-being, social cohesion,
and even real-world actions. Misinformation-driven narratives
have contributed to public unrest, political polarization, and
radicalization, demonstrating the tangible effects of unchecked
digital toxicity [5]. In extreme cases, the rapid circulation of
false information has led to public health crises, economic
disruptions, and coordinated disinformation campaigns aimed
at manipulating public opinion [6]. As a result, addressing the
spread and impact of online toxicity has become an urgent
research priority that demands multidisciplinary approaches
and advanced analytical frameworks [3], [4], [7].

Given the increasing reliance on digital communication and
algorithmic content curation, it is imperative to understand
the underlying mechanisms that drive toxicity propagation
across interconnected online communities [8]. The primary
challenge lies in developing intervention strategies that effec-
tively mitigate toxic interactions while upholding fundamental
rights to freedom of speech and avoiding excessive restrictions
on public discourse [1]. Striking a balance between content
regulation and open dialogue is crucial to maintaining healthy
digital ecosystems that encourage constructive engagement.

The complexity and scale of modern social networks neces-
sitate the adoption of computational modeling and data-driven
methodologies to analyze the spread, persistence, and impact
of online toxicity. By leveraging mathematical modeling,
network analysis, and artificial intelligence, researchers can
identify key transmission patterns, predict emerging toxicity
trends, and develop targeted interventions that curb digital tox-
icity while preserving online freedoms [9]. These insights will
help policymakers, social media platforms, and researchers
formulate evidence-based strategies to foster safer and more
inclusive online environments.

Mathematical models have been widely employed in epi-
demiology to study the spread of infectious diseases. The
same principles can be applied to model the dissemina-
tion of online toxicity, given their shared characteristics:
contact-based transmission and behavioral contagion. Var-
ious epidemic models, including the Susceptible-Infected-
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Recovered (SIR), Susceptible-Infected-Susceptible (SIS), and
Susceptible-Exposed-Infected-Recovered (SEIR) models, have
been adapted to analyze social media toxicity.

In this study, we extend the Susceptible, Exposed, Infected,
Quarantined, Recovered (SEIQR) model by incorporating tox-
icity intensity levels, classifying individuals into moderately
and highly toxic categories. This refinement allows for more
precise intervention strategies, as different toxicity levels ne-
cessitate distinct mitigation approaches. We validate our model
using real-world datasets from online discussions related to
Severe Acute Respiratory Syndrome Coronavirus 2 (SARS-
CoV-2), commonly known as coronavirus disease (COVID-
19), and social justice movements in the Latin American
countries of Brazil and Peru, enabling the identification of
critical patterns in toxicity spread.

Traditional epidemiological models typically assume ho-
mogeneous transmission dynamics. However, online toxicity
propagation exhibits several unique features that necessitate a
more advanced modeling framework. Specifically:

i. Fractal network topology: Social media networks ex-
hibit self-similarity and scale-free structures, where a
small number of superpropagators significantly influence
the spread of toxicity. Fractal-fractional models better
represent these non-uniform dynamics.

ii. Memory effects in user interactions: Unlike disease
transmission, online toxicity is affected by past exposures
and historical user behaviors. Fractional calculus captures
these long-range dependencies and persistent memory
effects.

iii. Superpropagation and feedback loops: Toxicity dis-
semination is often amplified through echo chambers
and algorithmic recommendations. The fractal-fractional
approach models these reinforcement mechanisms more
effectively than integer-order differential equations.

By integrating fractal-fractional operators into the SEIQR
model, we capture the irregularity, persistence, and non-
locality of online toxicity spread. This approach allows for
improved predictive capabilities and better policy recommen-
dations for online moderation.

This study addresses the following key research questions:

ii RQ1: What are the key parameters in the SEIQR model
that have the most significant impact on the basic repro-
duction number Ry, and how can these parameters be
controlled to mitigate toxicity spread?

i RQ2: How do variations in toxicity intensity (moderate
vs. high) influence its dissemination, and how does in-
tensity impact the SEIQR model’s performance?

iii RQ3: How does the integration of fractal-fractional op-
erator influence the accuracy and predictive capabilities
of toxicity spread models compared to traditional integer-
order models?

iv RQ4: What are the effects of superpropagation and long-
term memory on toxicity dissemination, and how can
quarantine strategies be optimized in this context?
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The remainder of the paper is organized as follows: Section
II provides a review of related work on toxicity propagation
in social media and epidemiological modeling techniques.
Section III introduces the methodology, detailing the SEIQR
model formulation and the fractal-fractional extensions. Sec-
tion IV presents the experimental results and discusses the
impact of different toxicity intensities. Section V presents
the results and discussion. Finally, Section VI concludes the
study with recommendations for future research and policy
interventions.

II. RELATED WORK

The rise of online toxicity in social media environments has
prompted extensive research into its dynamics, effects, and
mitigation strategies. With the increasing spread of harmful
or toxic content, researchers have employed various computa-
tional, epidemiological, and network-based models to under-
stand and control the propagation of toxicity.

A. Machine Learning Approaches to Toxicity Detection

Several studies have leveraged machine learning techniques
to detect, classify, and analyze toxicity in online discussions.
For example, researchers in [10], [11] analyzed COVID-19
misinformation and toxicity across social media platforms,
revealing notable differences in the extent and nature of toxic
behaviors on Twitter, Reddit, and Facebook. Their findings
emphasized the role of key user groups (super-spreaders)
in amplifying misinformation and toxic content. Similarly,
natural language processing models such as BERT, GPT, and
Detoxify have been used to detect toxicity in real time [12],
[13]. These models have been instrumental in the identification
of various forms of toxic language, including hate speech,
harassment, cyberbullying, and misinformation. Furthermore,
studies in [14] investigated the dynamics of discussion threads
on Reddit, where toxicity spreads hierarchically within nested
conversations. However, these machine learning-based ap-
proaches largely focus on static classification of toxicity, often
overlooking long-term propagation effects and feedback loops
that sustain toxic environments.

B. Epidemiological Models for Online Toxicity Spread

Epidemiological modeling has proven to be an effective
framework for understanding and predicting the spread of
online toxicity by drawing analogies between toxic content
dissemination and infectious disease transmission. Traditional
models such as SIR, SIS, and SEIR have been adapted to
analyze how toxicity spreads within digital communities [4].
The Susceptible-Toxic-Recovered-Susceptible (STRS) model
has further refined this analogy by incorporating recovery
mechanisms where users disengage from toxic interactions
[15], [16], [17].

Moreover, quarantine-based control strategies have been
widely adopted in epidemiological models to curb infectious
spread, an approach that has direct applications in content
moderation and toxicity mitigation. Authors in [18] studied
the impact of content quarantining on social media toxicity,
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demonstrating that isolating toxic users reduces the overall
infection rate in a network-based toxicity model. Similarly,
authors in [15] applied epidemiological modeling to study
COVID-19 misinformation spread, highlighting the role of
user quarantine, moderation interventions, and algorithmic
content suppression.

C. Fractal-Fractional Modeling for Toxicity Dynamics

A growing body of research has focused on fractal-fractional
approaches to model complex social dynamics. Unlike clas-
sical integer-order epidemiological models, fractal-fractional
models capture memory effects, non-locality, and irregular
diffusion patterns [19], [20]. These properties are particularly
relevant to online toxicity modeling, where the following are
true:

1) Fractal network topology leads to self-similarity and
scale-free structures, where toxicity is disproportionately
amplified by a small subset of highly influential users
(superpropagators).

2) Memory effects in user interactions suggest that toxicity
is influenced by past exposures and behavioral reinforce-
ment, rather than instantaneous interactions.

3) Superpropagation and feedback loops occur due to algo-
rithmic content amplification and echo chamber effects,
making toxicity diffusion highly persistent.

Fractal-fractional epidemiological models have focused pri-
marily on disease transmission and financial systems, with
limited application to online toxicity dynamics. For disease
models, see [21], [22] and references therein. Despite exten-
sive research in toxicity detection, epidemiological modeling,
and fractal-fractional approaches, there are several gaps. To
address these gaps, this study introduces a fractal-fractional
extension of the SEIQR epidemiological model, uniquely
designed to capture memory effects, long-range dependen-
cies, and heterogeneous toxicity diffusion patterns inherent
to online platforms. By unifying fractal-fractional operators,
which encode non-local interactions and irregular propagation
dynamics—with a stratified SEIQR framework that distin-
guishes between moderate- and high-intensity toxicity, this
work advances a novel computational framework for analyzing
and mitigating persistent toxicity. To our knowledge, this
represents the first integration of fractal-fractional calculus
with toxicity-specific epidemiological modeling, enabling a
granular understanding of how algorithmic amplification and
user memory shape long-term propagation.

Building on this foundation, the study also addresses critical
limitations in prior SEIQR analyses by conducting a rigorous
sensitivity analysis. We identify the parameters most influential
to the basic reproduction number R, thereby pinpointing
actionable levers—such as platform moderation efficacy or
user recovery rates—for disrupting toxicity spread. This dual
focus on mechanistic modeling (via fractal-fractional dynam-
ics) and practical control strategies (via sensitivity-driven inter-
ventions) bridges a key gap between theoretical epidemiology
and real-world social media governance.
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III. METHODOLOGY

This section outlines the data collection framework, ana-
lytical methods, and computational procedures employed to
validate the proposed fractal-fractional SEIQR model.

A. Data Collection and Analysis

To validate the model, we analyzed two distinct datasets:
(1) discourse related to the COVID-19 pandemic (spanning
February 2020-June 2021) and (2) social movements in Brazil
(spanning November 1, 2022-February 25, 2023) and Peru
(spanning December 7, 2022—January 31, 2023). Public posts
were collected via X’s (formerly Twitter) Academic API,
focusing on keywords and hashtags associated with polarized
discourse.

o COVID-19 Dataset: Included topics such as pandemic
policies, face mask mandates, lockdowns, and 5G con-
spiracy theories. Key hashtags: #fckthecovid/s, #fckyour-
mask/s, #f*cklockdown/s, #5GCoronavirus.

o Brazilian Protests: Centered on post-election unrest
following the October 30, 2022, presidential election,
with hashtags like #semanistia and #SOSbrasil reflecting
demands for military intervention and counter-protests.

o Peruvian Protests: Captured anti-government demon-
strations after President Pedro Castillo’s removal on De-
cember 7, 2022, using hashtags such as #peruprotest/s.

These datasets have less sparsity in terms of toxic discus-
sions, which is important for this study, where the objective
is to examine spread of toxicity in high vs moderate toxic
environments. Contexts where toxicity is negligible or highly
sparse are outside the scope of this study.

1) Toxicity Classification: Toxicity scores for each post
were computed using Detoxify [23], a pre-trained deep learn-
ing model that evaluates text for harmful content. Detoxify
employs convolutional neural networks and semantic embed-
dings to assign a toxicity probability between 0 (non-toxic)
and 1 (highly toxic). Posts with scores of 0.5 or more were
classified as toxic; those below 0.5 were deemed non-toxic.

To analyze toxicity intensity, the toxic subset was further
stratified:

+ Moderate Toxicity: Posts with scores below the dataset-
specific average toxicity score.
« High Toxicity: Posts exceeding the average score.

Table I summarizes the distribution of high/moderate toxic
posts and average scores across datasets.

2) User Activity and Quarantining: To identify superprop-
agators, we isolated the top 10% of users by activity level,
defined as the number of retweets per post [18]. These high-
engagement users were algorithmically transferred to a quar-
antine compartment in the SEIQR model, simulating platform-
level interventions to curb toxicity spread.

B. Model Formulation

Online toxicity is a growing epidemic on digital platforms,
characterized by high transmission rates, latent behavior, and
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TABLE I: Toxicity Dataset Statistics

Dataset Num. of Posts | Avg. Toxicity | Num. of High Toxic | Num. of Moderate Toxic
F*Covid 28,131 0.91 4,684 2,082

F*Mask 2,423 091 538 217

F*Lockdown | 1,995 0.82 598 493

5G 33,403 0.84 1,096 703

Brazil Anti 405,160 0.70 1,221 2,309

Brazil Pro 44,415 0.75 105 131

Peru 195,290 0.71 511 546

lu
Fig. 1: Transfer diagram for the toxicity spread on the social
network platform.

infectiousness. To analyze this, [18] used the SEIQR model
as the following system of ordinary differential equations.

B = A+nR— 25— pS,

dE(t) BIS N
il Z o o
dggt(t)_,gli(‘u+ )Q ,
d}%ft) : Y H ’
o~ =70+ oI — (n+n)R,
BIS

Where‘ A = N
quantity N (t) by

the entire population, and we define the

N(t)=S(@)+E(t)+ I(t) + Q(t) + R(t).
and initial conditions

S(0)=S5y>0, E(0)=E,=>0,
Q(0) = Qo >0,

1(0) = Io > 0,
R(0) = Ry > 0.

C. Fractal-Fractional Model

Fractal-fractional models combine the advantages of fractal
and fractional calculus to account for the irregular, dynamic,
and memory-driven nature of online interactions. The fractal
dimension captures the self-similar structure of user networks,
content propagation pathways, and spatial-temporal patterns of
toxic content dissemination. Meanwhile, the fractional calcu-
lus component incorporates long-range temporal dependencies
and non-local effects, reflecting the persistence of toxicity and
its amplification through feedback loops inherent in social
media dynamics. While the classical SEIQR model in [18]
effectively captured the dynamics of online toxicity spread,

it failed to account for the complex, irregular, and memory-
dependent nature of user interactions in social media environ-
ments. To address this limitation, we extend the model using
fractal-fractional derivatives in the Caputo sense as follows:

FFPDYTS(t) = A+nR — BLS — pS,
LoD =5 o

0 ¢ = w+ o+ 0)1, (2)
0 FEDITQ(t) = 01 — (v + 1)@,

§EPDYTR(t) =vQ 4 ¢ — (n+ )R,

where {'F'F D7 (.) is the fractal-fractional derivative with the

fractional order 0 < o < 1, and fractal dimension 0 < 7 <1
in the Caputo sense with power law type kernel and the
variables are assumed to be non-negative with appropriate
initial conditions.

IV. MODEL PARAMETERIZATION AND DATA FITTING
ANALYSIS

Ensuring accurate model validation and precise parameter
estimation is fundamental in mathematical modeling when
working with real-world data. The main challenge lies in
determining the most suitable parameter values from empirical
data, making parameter fitting a crucial step in model formu-
lation. One widely used approach for parameter estimation
in nonlinear models is the Non-Linear Least Squares Method
(NLSM), which minimizes the discrepancy between observed
and predicted values.

Consider a nonlinear mathematical model

yi = f(,0) +e, i=12,..,n

where

o y; represents the observed data points,

e f(x;,0) is a nonlinear function that depends on the

parameter set O,

e z; are the independent variables, and

e ¢; is an error term assumed to be normally distributed.

The goal of NLSM is to minimize the sum of squared
residuals (RSS), defined as

n

Z(0) = [y — f(x;, O)?

i=1
where

e Z(0©) is the objective function to be minimized,
o y; are the actual observed values,
o f(zi,©) represents the model’s predicted values, and
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TABLE II: Explanation of the Model Parameters

Parameter  Value Source  Explanation

A [100] fitted recruitment rate of human

B 0.0006 fitted effective contact rate

P 0.047 fitted the rate at which exposed become infected

0 0.020 fitted the rate at which I transfer to quarantine class
n 0.04 fitted the rate at which recovery becomes susceptible
¥ 0.002 fitted the rate at which @ transfer to recovery

¢ 0.1 fitted the rate at which I transfer to recovery

o 0.1 fitted the rate at which people exit autonomously

e O is the set of unknown model parameters.

To evaluate model fitting, we use the relative error, given
by

E., = ||Iest(t1i) - Idata(ti)||2
rel —
([ Laata (2:) [l

This relative error, E.j, quantifies the discrepancy between
the estimated number of infected users Ieq(¢;) and the actual
recorded infected users Iy, (t;) at various time points ¢;. The
norm ||-||, represents the Euclidean distance, allowing for an
objective measure of the overall deviation relative to actual
data. A lower error value signifies a better model fit, affirming
its accuracy in depicting the dynamics of toxicity spread.

The findings indicate that we can better capture the prop-
agation of toxicity when the dataset is segmented (Table II).
This pattern is consistent across different contexts, such as
COVID-19 and social movements, suggesting that the findings
are applicable in various scenarios. This approach provides
policymakers with insights on prioritizing areas requiring
focused interventions and allocating resources to effectively
reduce the spread of toxicity.

3)

A. Preliminaries

In this section, we will review some fractal-fractional cal-
culus concepts that were covered earlier.

Definition 4.1 ([24], [25]) Suppose that M(¢) is contin-
uous and fractal differentiable on (a,b) with order 7. Then,
the fractal-fractional derivative of y(t) with order « in the
Riemann-Liouville sense, having a power-law type kernel, is
defined as follows:

4 t — )Y M(s) ds
e [ 0 M) ds

where M() is a suitable integer ensuring the definition
holds, M —1<a,7<y €N, and

dM(s) M(t) — M(s)
ds™ tr—sT
Definition 4.2 ([25], [26]) Suppose that M (¢) is continuous
on an open interval (a,b), then the fractal-fractional integral
of M(t) with order «, having a power-law type kernel, is
defined as follows:

PEPDIT (M) =

= lim
t—s

FEP D (M(8)) = T)/O(t—s)“_lsT_lM(s)ds,

()

where I'(«) is the Gamma function.

These operators are referred to as fractal-fractional integral
operators.

Lemma 4.3 ([20], [26]) If M is continuous on (a, b), then
the following fractal-fractional derivative

FEPDG (M(1) = M(t)

has a unique solution

M(t) = M(0) + ] /0 (t—s)*""s" " M(s)ds.

NG

We represent the Banach space by 2 = PxPx P x P x P
and P = C(T,R%), 0 <t < T < oo, under the norm given
by

|W|| = sup | M(t)|, for M€ Z,
teT

W) =[S(t) + E(t) + I(t) + Q(t) + R()],
where S, E,I,Q,R € C(T,R).

B. Model Analysis: Existence-Uniqueness

When formulating epidemiological models, a fundamental
question arises: Does the model have a well-defined and
unique solution? Before performing any analysis, it is essential
to ensure that the system of equations governing the model is
mathematically valid. This is typically achieved through fixed-
point theorems, such as Banach’s fixed point theorem, which
guarantees the existence and uniqueness of solutions under
specific conditions.

In this study, we employ Banach’s fixed point theorem to
demonstrate that the fractal-fractional model in equation (2)
has a unique solution. We define the function space as: {2 =
PxPxPxPxPand P=C(T,R%),0<t<T < 0,
under the norm given by

W = sup |M(t)], for M€ Z,
teT

(WO = [5@E) + E@) + 1(t) + Q1) + R(t)],

where S, E,I,V,R € C(T,R).
From equation (2), the right-hand side of the fractal-
fractional SETQR model can be rewritten for simplicity as
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TABLE III: Error Rates for SEIQR Model with and without Dataset Splitting

Dataset Moderate toxicity — High toxicity =~ Without split
F*Covid 0.0011 0.0021 0.081
F*Mask 0.021 0.049 0.073
Lockdown 0.032 0.045 0.061
5G 0.0029 0.0011 0.003
Brazil Anti  0.062 0.055 0.094
Brazil Pro 0.060 0.061 0.088
Peru 0.095 0.124 0.41
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Fig. 2: SEIQR model fitted to infected without splitting toxicity in the datasets.
I
Mi(t,S(t) = A+nR— 5.5 — S, RLDRTS() — L [t — 5)a5(s) ds—L
Mo(t, E(t) = 88 — (u+v)E, e S() = ma=ay it Jat = 8)°5(s) ds iy,
o, T
M3(t7l(t)) = ¢E (:u+¢+0) “4) D E(t) F(lfa)ﬁfa (t - S)aE(S) ts sts=1)
_ t
Ma(t, Q1)) =01 — (v + p)Q, gfLDf TI(t) = rmy e J, (= 9)°1(s) ds ity el (5)
Ms(t, R(t)) =vQ + oI — (n+ n)R. RL QT 1 d ot
(&, () (pat-1) RLDPTQ(t) = F(l_a@f?a—s)a@(s) sobrs
RL a,T 1 d [t «
D" R(t) = T(l—a) dt J, (= 5)*R(s) ds sty )

The fractional integral possesses differentiability, and if
the given equation (2) can be transformed into the Volterra
form, then the fractal-fractional derivative, expressed in the Due to the fact that the integrals in equation (5) are
Riemann—Liouville framework, can be represented as follows differentiable, the system can be expressed as:
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Fig. 3: SEIQR model fitted to moderate and high toxic posts.
itates the formulation of well-posed initial conditions. Sub-
ORL DOTS(t) = st~ A+ nR — Blg _ 11S] sequently, we apply the Riemann-Liouville fractional integral
RLD&T B(f) = g5 %S - +N¢)E], on both sides of the equation, leading to the following integral
¢EDTI() = st>TH YE — (u+ ¢+ 0)]], (6)

FEDFTQ() = st HOI — (v + ) Q)
FEDPTR() = st* 7 yQ + ¢I — (u+ )R],

To ensure that the initial conditions are defined in terms
of integer-order derivatives, we replace the Riemann-Liouville
derivative with the Caputo derivative. This modification facil-
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system
S(t) = S(0) + w3 [y 77t — )" M (s, S(s)) ds,
E(t) = B(0) + i3 [3 7 (t = 8)°Moafs, B(s)) ds,
I(t) = 10) + w5 [y 877t — )" Ms(s, 1 (s)) ds,
Q(t) = Q(0) + w53 [, 8771 (t — 5)° Ma(s, Q(s)) ds,
R(t) = R(0) + 17 Ju 571 (t = 5)* M5(s, R(s)) ds,

(N
C. Positivity and Biological Invariant Region

From an epidemiological perspective, ensuring that all
model variables remain positive is essential for the realism and
validity of the model. A fundamental approach to achieving
this is by demonstrating that each variable maintains a
non-negative value throughout the analysis. This guarantees
that the solution to the proposed model in equation (2) is
both positive and bounded, reinforcing its applicability to
real-world scenarios.

Lemma 3.4.1 The boundedness and biologically acceptance
region for the presented model (1) are expressed in the region
B C RY, and are given by

1= {(5(0). ). 10 Qo). Rio) € RS [0 < Ny < 2 }.

Proof The suggested model (1) is evaluated in order to study
the first equation,

ds 61
— = R——S5—uS
g~ AT S ms,
and from that it follows that
ds BI
— > 5§
@ = TN TS

in accordance with the exponential growth criterion and the
provision of integration

% > S(0)e™ fo (K,

then, we have:

S(t) > 0.

Similarly, we have E(t) > 0, I(¢t) > 0, Q(t) > 0, and
R(t) > 0 for all t > 0, so that the solution to the model
does not deviate from the planes S =F =1=Q = R = 0.
Due to the fact that the whole population is represented by the
function N (t), we are able to write the system (1) as follows:

dN (t)

Cdt

It is possible that users become negligible, which means
that none autonomously exit, then

AN (t)
dt

< A— uN(t).

The solution of the above equation turns to

N(t) < A (A — No) e Mt
K H
Taking advantage of [27], we can say that if Ny < f
then as ¢ — oo, asymptotically, N(t) — % implies that
0 < N(@#) < f. Hence, all of the feasible solutions for the
model will eventually converge in the region . O

D. Equilibria, Basic Reproduction number, and Their Stability

In this section, we present the computations and explanation
of the equilibria and basic reproduction number for the sug-
gested model in equation (2), as well as explore how locally
and globally asymptotically stable.

E. Disease-free Equilibrium Point

In order to maintain a disease-free equilibrium, the variables
E =1 =Q = R = 0 are established. In this specific case,
the system (1) demonstrates that the disease-free equilibrium
point is given as

DFE = <“:,0,0,070).

FE. Basic Reproduction Number, Ry

We apply the next-generation matrix technique to a dynamic
system, where we consider the emergence rate of new infec-
tions, denoted as F, and the transmission rate per individual,
V, under conditions where the disease is not present in the
population. The following represents this calculation

0 BS 0
F=(0 0 0],
0O 0 O
—(p+7) 0 0
0 0 —(v+n)
and
-1
) (uzw) _01 0
V7= | Grorere (ut-g+0) 91
(u+o+0)(v+u)  (v+n)

Thus, the basic reproduction number Ry is the spectral radius
of FV~1 or

Ry = ¥BA .
p(p+ ) (e + ¢+ 0)

Figures 4 (a) and (b) present a 3D visualization of the
basic reproduction number Rj, generated using MATLAB,
to illustrate its dependence on various model parameters.
In Figure 4 (a), an increase in [ leads to a corresponding
rise in Ry, indicating that platforms where toxicity spreads
more rapidly experience greater persistence of toxicity over
time. Conversely, as € increases, SRy declines, demonstrating
that an enhanced quarantine transfer rate plays a crucial role
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Behavior of Ry with ¢ and ¢

(b)

Fig. 4: Effect of %Ry on (a) # and 3, and (b) ¢ and ¥

in limiting the spread of toxicity. Similarly, Figure 4 (b)
depicts the relationship between Rg, the content exposure rate
¢, and the transition rate . The analysis suggests that by
carefully regulating these parameters—such as implementing
strategies to reduce exposure to toxic content—it is possible
to significantly mitigate or even reverse the proliferation of
harmful interactions in online spaces.

Theorem 3.4.2. The disease-free equilibrium point is locally
asymptotically stable if SR < 1, and otherwise unstable.

Proof. Consider the following Jacobian matrix in regard to
the system in order to demonstrate the stability criterion for
the proposed system (1) at the DFE point:

~(p+v) 0 0
J = 0 —(p+o+0) 0
0 0 —(v+ )

The characteristic equation for the matrices J is then derived
in the following manner:

)
"

The stability of the DFE depends on the roots of this char-
acteristic equation. According to the Routh-Hurwitz stability
criterion, all roots (i.e., eigenvalues) have negative real parts
if and only if all coefficients of the characteristic equation are
positive.

N @uA v+ o+ ON+ (u+ ) (p+o+0) -

o The linear term (24 + 1 + ¢+ 6) is always positive since
all parameters are positive.

o The constant term (u+v)(u+o+6) — %w determines
the stability.

By defining the basic reproduction number as

YBA
Ry = 7 8
T ) (u+ o+ 0) ®)
we rewrite the constant term as
(n+P)(u+ ¢+ 0)(1 — Ro). )

o If Ry < 1, this term is positive, ensuring that all roots
of the characteristic equation have negative real parts.
This confirms that the disease-free equilibrium is locally
asymptotically stable.

o If Ry > 1, this term becomes negative, implying that at
least one eigenvalue has a positive real part, leading to
instability.

The disease-free equilibrium (DFE) is locally asymptotically
stable if and only if Ry < 1. If Ry > 1, the system
becomes unstable, allowing the disease to persist and spread
in the population. This result confirms the epidemiological
interpretation that controlling disease spread requires keeping
Ro below the critical threshold of 1.

G. Existence of Endemic Equilibrium Point

In this section, we will look at whether an endemic equilib-
rium point exists, which will be represented by the notation
(S*, E*, I*,Q*, R*) . The second equilibrium point is the
endemic equilibrium point, as presented below:

0=A+nR— 558 —pus,
0=¢E—(u+¢+0)I,
0="0I—(v+pn)Q,

0=9Q+ ¢l —(n+n)R,

Thereby, this brings us to a further conclusion, which is given
below:

Theorem 6.2. The system (1) has a unique endemic equi-
librium point given by:

(10)

g = Nutd)(nt+o+96)
Y8 ’
o B ¥ BST
N(p+1b)’ pt+é+6 N(p+y)
Cputo+0 N(u+y)
. oI
@ R
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H. Global Stability Analysis at Endemic Equilibrium Point

To achieve global stability and rule out periodic orbits, we
apply Dulac’s criterion.

Theorem 6.3. There are no periodic orbits in the system
(1).
Proof. We introduce a Dulac function B(S,E,I,Q,R) to
transform the system into a divergence form where the total
divergence is of a definite sign. A common choice of a Dulac
function is

*

1
B(S,E, I R)=—
( ) ) ) Q7 ) SI
Multiplying the system by B(S, E,I,Q, R), we compute
the divergence:

9 N, O N, 0 N, 0 N, O ,
35 (BS )+8—E (BE )+ﬁ (BI )+@ (BQ )+ﬁ (BR').

Taking the partial derivatives, the divergence simplifies to

a<A+nR%Su5>+

0 (YE—(uto+0)I
ol ST '

After simplifications, this leads to
L (pto+0)
(BH) = L T
V- (BH) ST ST

Since all parameters are positive, the divergence function is
negative definite, i.c.,

V- (BH) < 0.

Since the divergence of the vector field is negative every-
where in the domain of interest, Dulac’s criterion guarantees
that there are no periodic orbits in the system. This implies
that global stability holds for the endemic equilibrium. Thus,
the endemic equilibrium is globally asymptotically stable,
confirming that all solutions will ultimately converge to it in
the long run.

1. Sensitivity Analysis of Important Parameters

To answer RQ1, we begin by identifying the parameter
values that are most influential in determining social media
toxicity spread. It is vital to discover numerous aspects that
contribute to the toxicity spread and prevalence to decide
the best technique for minimizing the number of affected
users. To determine the dependence of each parameter on the
SEIQR model, a sensitivity analysis of each parameter was
performed using the Latin Hypercube Sampling-Partial Rank
Correlation Coefficient (LHS-PRCC) method. The PRCC cor-
responds directly to the degree of statistical influence. A
positive value indicates that an increase in this parameter leads
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TABLE IV: Sensitivity Index of Each Parameter on R

Parameters  Sensitivity Indices ~ Relationship
P 0.863213 +ve
B8 0.902867 +ve
A 0.8617 +ve
o -0.9167 -ve
¢ 0.89574 -ve
6 0.1913 +ve

to a positive influence on the SEIQR model. In contrast, a
negative value indicates that an increase in this parameter leads
to a negative influence on the SEIQR model. As shown in
Figure 5 and Table IV, among the ¢, 3, ¥, u, A, and 6
parameters, ¢, 3, 1, A, and 6 have positive effects on Ry.
In contrast, parameter p has a negative effect on Ry. The
red line represents the p-value, and in the context of social
media toxicity, p < 0.05 indicates that the results of the
sensitivity analysis are statistically significant. Specifically, it
means that there is less than a 5% probability that the observed
effects (relationships between the parameters and the effective
reproduction number R() occurred by chance. These behaviors
are significant in executing emergency management measures.
Let

ORy _ p

Ro _

Cy° = ap X R

where p is the parameter being studied for its sensitivity.

Utilizing this index, one can deduce the sensitivity index cor-

responding to every parameter integrated into the expression
for Ry. We compute their derivatives as follows:

Ry p

Ro _ W0 i~
CB = 95 XRO,

such that

dRy _ AB(u+¢+6—1)
dp  p(p+ )2 (p+o+0)
dRo _ A

B8 wp+v)(u+o+0)
dRo _ By

dA  plp+¥)(p+o+0)
dRy _ ABY(u+ ¢+ +0)
dp P+ ) (p+ o+ 0)
dRo _ Apy

dp — plp+v)(p+o+6)2
dRy AByY

do p(p+)(p+o+0)

In Figure 5, the positive sensitivity indices, associated with
¥, ¢, B, ¥, o, and €, predominantly influence the frequency
of online toxicity manifestations, with 5 having the highest
positive impact index, indicating its crucial role in online
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Fig. 5: Sensitivity of R of the online toxicity contagion

toxicity spread. In contrast, negative sensitivity indices linked
to parameters p and ¢ attenuate the online toxicity spread.
Remarkably, parameters such as the infection rate of exposed
users (1), recovery rates of users who hadn’t been quarantined
(0), the rate at which infected users transfer to rehabilitation
(¢), and the rate at which infected users are banned from
platform (¢) all curb the dissemination of online toxicity. This
highlights the importance of improving infected users banned
and rehabilitation measures to control the spread of the online
toxicity effectively.

J. Existence and Uniqueness

We employ the Picard-Lindelof method along with fixed
point theory to analyze the qualitative properties of the
solution for model (2). The proposed model equation ((2))
can be reformulated as:

FEP Dt M(t) = Y (t, M(t), 0<a, 7<1 (11
M(0) = My >0, t€0,7T)
where,
S(), 5(0),
E(t), E(0),
M(t) =4 I(t),  Mo=4q 1(0),
Q(1), Q(0),
R(t), R(0),
Ml(taSaEvjaQaR)a
M2(t7 Sa E, Ia Qv R)a
T(tvM(t)): Mg(t,S,E,I,Q7R),
M4<ta Sa E7 I? Q7 R)7
M5(taSaE7[7Q7R)
Taking advantage from Lemma 4.3, system (11) yields

M(t) = Mo(t) + ﬁ /0 7Y (5, M(8))(t — 8)* Lds.
(12)
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such that Y satisfies

T (6, M() = (1, M(2)] < CIM=M[], C,>0. (13)

Theorem 7.1 Supposed that equation (13) holds. Then the
equation (11) has a unique solution if

B
D:= %Cv <1, where B(-,-) is the beta function.
Proof. Considering Picard operator, denoted by

V:Z—= 2,
and defined as

QM(t) = Mo + i3 fy 877t = )27 (s, M(s))ds
(14)
and set
sup M(t,0) = Mo.
teT
It is important to point out that the solution to the system (11)
is bounded, i.e.,

[QM(t) = M(0)]| = sup [QM(t) = M(0)].

[QM(#)—M(0)[| = sup

teB

m/O STt = 8) T Y (s, M(9))ds|,

t
< sup L/ sTHt — 5)* 7YY (s, M(5))|ds.
0

teT F(a)
t
< sup / €1t — 07X (s, M(s)) — X(£, 0)|ds,
= T?iaa’;)T”‘H(CvllMloo +T) = R < 0.

By utilizing the definition of the Picard operator (14)
and considering any functions M, M € Z, we derive the
following bound:

9 — QA1) = sup [2M(2) ~ QXA
c

T tsT*1 — )t s)) — A(s))|ds
<sup s [ = ) (M) = (M),

< fé{? @/0 sTTHt — )T Cy|M(s)) — M(s)|ds,

< MTT+"_1CU|M — /\}(|’
I(a)
which leads to the conclusion that |M — M| < D||M —
/\;lH Consequently, since D is a contraction mapping, it
follows from Banach’s contraction principle that system 11
has a unique solution.

2026, © Copyright by authors, Published under agreement with IARIA - www.iaria.org



International Journal on Advances in Systems and Measurements, vol 19 no 1 & 2, year 2026, http.//www.iariajournals.org/systems_and_measurements/ 171

K. Numerical Analysis and Simulation
T(A)*
I'a+2)

At Y (o (tm))]

In this section, we present the numerical approximation -
of the proposed fractal-fractional SEIQR model using a Z
fractal-fractional derivative in the Caputo sense with a power-
law kernel and simulate the long-term behavior of toxicity
propagation in online social networks, analyzing the effects
of quarantine interventions, mitigation policies, and fractal-
fractional fluctuations in toxicity intensity. The step-by-step (n —m+2+2a)
proof of this scheme can found in [24], [25], and [26].

m=0

m+1—-m)*n—m+2+a)—(n—m)*

_ta 1T3(m laj(trnfl))

Hence, the fractal-fractional SEIQR model scheme is
derived as follows. Given the initial conditions, the forward

(n+1-m)° —(n-—m)*n-—m+1+a)

time-step approximation is formulated as: a7y
B T(A)*
Qtn+1) = Q(0) + Tat2)
(At)o‘ Z T4 va( ))]
— T m=0

m+1-m)*n—m+2+a)—(n—m)*

n

t27 I (s S(tm))]
m=0

(n—m—|—2+2a) _ta 1T4(m 17Q(tm71))

(n+1-m)*(n—m+2+a)—(n—m)®

(n+1-m)°™ —(n-—m)*n—m+1+a)

(n—m+2+2a) —ta 1T1(m 1,S(tm,1))

(18)

(n+1-m)*™ —(n-—m)*n-—m+1+a) T(At)*

R(tn41) = R(0) + Tat2)

15)

n

t2 I 5 (tn, R(tm))

m=0

n+1-m)*(n—m+2+a)—(n—m)*

(n—m+2+2a) —ta 1T5(m 1,R(tm_1))

T(AL)™
IMa+2)

t2 Iy (tny Bt ))]

E(tny1) = E(0) +

>

=0

(n+1-m)*™ —(n-—m)*n-—m+1+a)

19)

In the next section, we apply this numerical approach to
simulate the long-term behavior of toxicity propagation in
n+1-m)*n—m+2+a)—(n—m)* online social networks, analyzing the effects of quarantine
interventions, mitigation policies, and fractal-fractional fluc-
tuations in toxicity intensity.

3

(n—m+242a)| —t5_ ng(m 1, E(tm-1))

V. RESULTS AND DISCUSSION

In order to answer RQ2, by employing the outlined method-
ology, we applied the SEIQR model to seven distinct datasets
(16) to assess their performance and alignment with observed

(n+1-m)™ —(n-—m)*n—-—m+1+a)
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Fig. 6: Numerical trajectories of SEIQR model under the Caputo fractal-fractional operator.

data. Table III presents the error rates obtained from these
evaluations using equation (2); it shows the error rate for
moderate and high toxicity levels, as well as the error rate
without splitting the data. Figure 2 shows the error rates and
fitted models’ representations for the three datasets—5G, Peru,
and F*covid—that use the SEIQR model without splitting the
data are depicted in. In the figures, the red stars represent the
observed data, while the blue line depicts our fitted model. The
plot illustrates how well our model aligns with the observed

data. The plots in Figure 3 indicate the fitted plots for the same
datasets—5G, Peru, and F*covid—using the SEIQR model
with a split in the data based on the toxicity intensity. For
simplicity, we excluded the fitted model for the rest of the
datasets and summarized all in Table III. We compared the
error rates of the SEIQR model with and without dataset
splitting. The consistently low error rates across datasets when
splitting the data into moderate and high toxicity levels, as
compared to using the model without this division, underscore
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and Infected (I(t)) compartment under the Caputo fractal-fractional operator.
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Fig. 8: Numerical comparison of fractional dynamics only and fractal dynamics only for Quarantine (Q(t)) and Recovery (R(t))

compartment under the Caputo fractal-fractional operator.

the effectiveness of the SEIQR model in capturing the dynam-
ics of toxicity diffusion. The findings suggest that employing
the SEIQR model and categorizing toxicity into moderate and
high levels is reliable for understanding and predicting the
spread of toxicity in various contexts. Hence, these analyses
offer an answer to RQ2.

To analyze the evolution of toxicity spread on social me-
dia over time, numerical simulations were performed using
parameter values in Table II together with the initial values
(S = 33403;1 = 1799; E = 2000;Q = 1000; R = 700).
The behavior of toxicity propagation, influenced by the model
parameters, aligned with the predictions of the SEIQR model.
The results shown in Figure 6 represent the fractal-fractional
spread model. The simulation results show that reducing the
fractional order () and the fractal dimension (7) from 1, leads
to a decrease in the dynamics of the SEIQR model. This result
means that the system has longer memory and more complex
network structure, which slow down the spread of toxicity
as past interactions continue to influence current behavior.
Interventions aimed at increasing the memory effect and
enhancing network complexity could be effective in reducing
the spread of toxicity.

In Figures 7 and 8, we show the numerical comparison of

fractional dynamics only and fractal dynamics only on the
toxicity spread SEIQR model. From Figures 7(a) and 7(b),
we can see that the fractional-only dynamics exhibit more
asymptotic behavior compared to the fractal-only dynamics.
This means that the system approaches a steady state more
gradually when considering memory effects. This asymptotic
behavior can be seen from Figures 7(c) to 7(f) and Figures 8(a)
to 8(d). The numerical comparison of fractional and fractal
dynamics in the SEIQR model highlights the importance of
considering both memory effects and network structure in
understanding and mitigating the spread of toxicity on social
media. These analyses offer an answer to RQ3.

Responding to RQ4, in Figures 9(a) to 9(e), we present the
numerical sensitivity analysis of the toxicity spread SEIQR
model under the Caputo fractal-fractional operator with order
and dimension (o = 7). This analysis was conducted by
varying the rate at which toxic users were transferred to
quarantine. The results revealed a significant increase in the
number of users in each compartment, except for the infected
users, as shown in Figures 9(a), 9(b), 9(c), 9(d), and 9(e),
respectively. These findings suggest that reducing the number
of infected users, by leveraging memory effects (fractional
dynamics) and addressing repeated behavioral patterns (fractal

2026, © Copyright by authors, Published under agreement with IARIA - www.iaria.org



International Journal on Advances in Systems and Measurements, vol 19 no 1 & 2, year 2026, http://www.iariajournals.org/systems_and_measurements/ 175

4 = = = =
s «10 ‘ ‘ «a 7" 0.95 ‘ ‘ 9000 ‘ «a 7" 0.95 ‘ ‘
—0 =0.06 —0 = 0.06
—0=0.09 1800 |- —0=0.09] |
0=0.3 0=0.3

1600 1

1400 1

1200 - e

Susceptible, S(t)
Exposed, E(t)

1000 - 1

800 |- b

‘ ‘ 600 ‘ ‘ : : :
0 50 100 150 200 250 300 0 50 100 150 200 250 300

Time in days Time in days

(@) S(t) (b) E(t)

«10% a=T1=0.95 a=71=0.95

14000

12000 - 1

10000 - 1

—0 =0.06
8000 - —0 =0.09|
0=03

6000 - 1

Infected, I(t)
Quaranted, Q(t)

4000 - 1

2000 - 1

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time in days Time in days

(©) I(¢t) d Q(t)

400 T T

300 ¢ —0=0.06
—0 =0.09
0=03

Recovered, R(t)

0 50 100 150 200 250 300
Time in days

(e) R(t)

Fig. 9: Numerical trajectories of SEIQR model under the Caputo fractal-fractional operator with order and dimension (o =
7 = 0.95) when the rate at which users transfer to quarantine.
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dynamics), will effectively mitigate the spread of toxicity on
social media.

Building on the insights from the SEIQR model’s numerical
simulations and sensitivity analysis, several strategic interven-
tions are recommended to control the spread of toxicity on
social media platforms. These measures leverage fractional
and fractal dynamics to enhance content moderation and be-
havioral management. First, we suggest adaptive moderation
through behavioral memory and recurrence patterns. To effec-
tively manage toxicity, platforms should implement temporary
restrictions on accounts engaged in harmful behavior. These
restrictions may include suspensions, limited posting capabil-
ities, or increased scrutiny. This approach acknowledges the
role of memory effects in user behavior, ensuring that past
interactions influence future activities. By allowing monitored
users to reform while preventing unchecked toxicity from gain-
ing momentum, this method balances community safety with
user rehabilitation. Secondly, we suggest algorithmic content
demotion and network complexity reduction. Reducing the
visibility of toxic content using algorithmic content demotion
can limit its reach and engagement. By prioritizing non-toxic
interactions and reducing amplification through engagement
restrictions (e.g., limiting likes, shares, and comments on
flagged content), the network’s fractal structure becomes less
conducive to toxicity proliferation. This intervention effec-
tively slows down the contagion effect, aligning with the
SEIQR model’s findings that lowering the fractal dimension
reduces toxicity spread. Thirdly, we suggest cross-platform
collaboration for unified toxicity control. Toxic content often
spreads across multiple social media networks, requiring cross-
platform collaboration for consistent moderation. A unified
approach—incorporating shared databases, technological in-
novation, and standardized policies—can enhance intervention
efficiency. Platforms can integrate collective quarantine mech-
anisms, ensuring that users flagged for toxicity on one platform
face restrictions across multiple services, thereby mitigating
repeated behavioral patterns. Lastly, we suggest structured
quarantine and reintegration mechanisms. The SEIQR model
suggests that quarantining toxic users is an effective strategy
to limit further spread. Platforms should establish dedicated
discussion spaces where quarantined users can engage in
monitored interactions rather than simply migrating to another
platform. This could include controlled forums, restricted
access groups, or supervised comment sections, ensuring that
users receive guidance toward positive behavioral reform.

By implementing these memory-aware and network-
structured interventions, social media platforms can effectively
mitigate the spread of toxicity, reduce harmful interactions,
and foster a healthier digital environment.

VI. CONCLUSION AND FUTURE WORKS

This study applied the SEIQR epidemiological model to
analyze the propagation of toxicity on social media, integrating
fractal-fractional dynamics to capture the complexity of online
interactions. By categorizing toxicity into moderate and high
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intensities, the model significantly improves prediction accu-
racy, as evidenced by lower error rates across diverse datasets
(as seen in Table III). This granular classification aligns with
real-world observations that toxicity manifests in varying de-
grees of severity, each requiring distinct intervention strategies.
The sensitivity analysis further underscores the critical role of
parameters such as the contact rate () and quarantine rate (¢)
in modulating the basic reproduction number (R), offering
actionable insights for platform regulators.

The fractal-fractional approach addresses two key limita-
tions of traditional models:

1) The memory effect of user interactions, where past
behaviors influence future toxicity spread, and

2) The heterogeneous network structure of social media,
characterized by super-spreaders and echo chambers.

Simulations (seen in Figures 6-9) demonstrated that reducing
the fractal dimension (7) and fractional order («) slowed toxi-
city propagation, highlighting the importance of algorithmic
adjustments to demote toxic content and disrupt feedback
loops. These findings resonate with prior epidemiological
studies on quarantine efficacy but extend their applicability
to digital behaviors through fractal-fractional operators. The
summary of our key contributions include the following:

1) Improved Predictive Accuracy: Splitting toxicity into
moderate and high levels reduces model error rates by
up to 90% (e.g., Peru dataset error drops from 0.41 to
0.095), enabling precise resource allocation.

2) Parameter Sensitivity: The positive correlation of 3, 1,
and A with R underscores the need to limit exposure
to toxic content, while the negative impact of y and 6
validates quarantine policies.

3) Fractal-Fractional Dynamics: By embedding memory
effects and network complexity, the model reveals that
interventions targeting behavioral persistence (e.g., tem-
porary suspensions) and algorithmic amplification (e.g.,
content demotion) are critical for mitigation.

However, the study has limitations. The reliance on
threshold-based toxicity classification (e.g., Detoxify scores
> 0.5) may oversimplify nuanced human communication.
Additionally, the model assumes homogeneous mixing within
compartments, which may not fully capture the fragmented
nature of online communities. Future iterations could incor-
porate network-specific topology data to refine compartmental
transitions.
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