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Abstract—In this paper, we propose two methods based
on quaternions for computing the angles of inclination and
the angular velocity with 6 degrees of freedom using the
measurements of a 3-axis accelerometer and a 3-axis magne-
tometer. Each method has singularities which occur during
the computation of the orientation of the device in the 3-
dimensional space. We propose solutions to avoid these singu-
larities. Experimental results are given to compare our model
with a real gyroscope.
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I. INTRODUCTION

The computation of the angles of inclination of a device
and its angular velocity has many applications for aeronau-
tics, transportation systems, human motion tracking, games
and virtual reality. Classical methods use accelerometers,
magnetometers and gyroscopes. For some particular angles,
there are singularities for which it is impossible to compute
neither the orientation of the device in the 3-dimensional
space nor its angular velocity [1, page 407].

Our goal is to design a smart sensor magnetometer based
virtual gyroscope, i.e. a method for computing the angular
velocity based on the measurements of a 3-axis accelero-
meter and a 3-axis magnetometer, without any gyroscope,
and with 6 degrees of freedom: 3 degrees of freedom are
provided by the accelerometer and the others are provided by
the magnetometer. It is easier to implement, less expensive
and has a lower power consumption than the classical
gyroscope solutions. Our target is small motion tracking
with embedded devices like cellular phones, with application
fields like virtual or augmented reality. Moreover, it is
possible to create a virtual gyroscope using a magnetometer
and an accelerometer, whereas it is not possible to create
a virtual magnetometer nor a virtual accelerometer using
a gyroscope only. Methods with accelerometers only have
been already proposed in [2], [3], [4], [5]

A well-known method for computing a strapdown gyro-
scope output simply consists in differentiating the angles
of inclination of the device, but we want to compute the
total angular velocity, which is the addition of the angular
velocities about the three axes of the fixed frame.

Two methods with two different approaches have been
developed. They are proposed in this paper. The method
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that uses the angles of inclination of the device have been
implemented. The method that uses the rotation matrix will
be implemented and the two methods will be compared in
order to find the method which offers the best precision on
the target architecture. This work is a collaboration project
between Freescale and ESIEE Engineering school which
started in June 2010.

In Section II, we introduce the platform and the sensors.
In Section III, a first method for computing the angular
velocity using the absolute angles of inclination is presented.
In Section IV, a second method for computing the angular
velocity using the rotation matrix is presented. In Section
V, experimental results are given.

II. HARDWARE AND SMART SENSORS

We use the new Freescale MMA9550L smart sensor. This
motion sensing platform can manage multiple sensor inputs.
It includes a 3-axis accelerometer and a ColdFire V1 32-
bit microprocessor with an integrated Multiply and AC-
cumulate module (MAC module) for DSP-like operations.
An additional Honeywell HMC5843 3-axis magnetometer is
mounted on the MMAO9550L board so that the two sensors
are strictly parallel and their frames are aligned.

This paper focuses on the mathematical model which
provides the angular velocity and the angles of inclination
of the device in the 3-dimensional space. The algorithms
have been implemented in the form of MATLAB scripts
for testing purposes and the curves show the results of
these implementations. In the future, the algorithms will be
directly implemented on the MMA9550L, since it includes
its own microprocessor.

III. VIRTUAL GYROSCOPE BASED ON THE ANGLES OF
INCLINATION OF THE DEVICE

In this section, the angles of inclination and the angu-
lar velocity are computed from the accelerometer and the
magnetometer measurements using Tait-Bryan angles and
quaternions.

A. Parametrization of Rotations with Tait-Bryan Angles

In order to describe the orientation of the device in the
3-dimensional space, 2 right-handed Cartesian coordinate
systems are used: a fixed reference frame with X, = North,
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Y, = East and Z, = Down (NED convention), and denoted
by the subscript r, and a moving frame attached to a mobile
device, denoted by the subscript d. The reference frame
and the device frame are aligned when the device is flat
and aligned with the X, axis pointed to magnetic North.
Rotation angles are positive when clockwise viewed along
the relevant axis vector in the positive direction.

The orientation of the device in the reference frame can
be described by Tait-Bryan angles: ¢, 6 and . v is the
angle of rotation about the Z,. axis (yaw). 6 is the angle of
rotation about the Y,. axis (pitch). ¢ is the angle of rotation
about the X,. axis (roll). Any rotation of the device can be
expressed as a composition of these three rotations in the
reference frame, as shown in Fig. 1.

Xr X, X
4 < ¢) 4
0. >V, O« Ty gy, Op.ooon >y,
02) 0
var ?
Y y \d
ZT ZT ZT
Figure 1. Angles ¢, 6, 1, and Composition of the 3 Rotations about Z,,

Y, and X, Axes

A rotation about the Z,. axis, the Y,. axis or the X, axis
can be respectively described by a rotation matrix R, (1)),
Ry(0) or Ry(6):

cos(y)  sin(y) O cos(f) 0 —sin(h)
R.()=|—sin(y) cos(v) 0| Ry(®)=| o 1 0
0 0 1 sin(f) 0  cos(6)
1 0 0
R;(¢)=|0 cos(¢)  sin(¢)
0 —sin(¢) cos(¢)

The composition of the 3 rotations about the Z, axis,
then the Y, axis and finally the X,. axis, is described by the
rotation matrix R(¢,0,v) = R, (¢) - Ry(0) - R.(¥).

It is possible to compute ¢, 6, 1 and the angular ve-
locity w, from the Earth’s magnetic field By, expressed
in the device frame, and the Earth’s gravitational field
ga, expressed in the device frame. The magnetic field is
measured by the magnetometer. On the other hand, the
accelerometer measures the total acceleration including the
gravitational field, the acceleration provided by the user and
the acceleration due to the Coriolis force. Consequently, an
extraction of the gravitational field g4 needs to be performed
with a filter.

The expression of the Earth’s magnetic field in the refer-
ence frame is given by B, = (B -cos(d) 0 B- sin(é))T
where B denotes the strength of the magnetic field (in
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Teslas), & denotes the angle of inclination of the magnetic
field, which depends on the location on the Earth, and (.)”
denotes the transpose of (.).

The expression of the Earth’s gravitational field in the
reference frame is given by g. = (0 0 g)T where
g denotes the strength of the gravitational field, i.e. the
acceleration (in Newtons).

The computation process is shown in Fig. 2.

ﬁﬂby 0, ¢
o | Quaternion

0 ———— | Computation 6, 0 1/)' q

- of ¢, 6, ¢ Y ‘q
By——————————————»

S Jlr . Angular
- Extraction ingularity Velocityl
a1 of gy | Detection o, r
: 9a
Figure 2. Computation Process 1

B. Extraction of gg

Since gg is a constant offset in the measurement of a, it
can be extracted with a low-pass filter. The resulting vector
Je contains sensor medium frequencies and spurious noise.
In order to keep only g, a sliding median filter and a sliding
average filter are used, as shown in Fig. 3. The same delay
is applied to B, to make sure they are in phase.

Computation of gg
) Sliding Sliding R
ay LOFV‘Vi_IE;I'SS P »  Median > Average > gd
¢ Filter Filter
Figure 3. Computation of gy

1) Low-Pass Filter: The frequency of g equals 0. Conse-
quently, the gravitational field can be extracted with a first-
order Butterworth low-pass filter. The Z-transform transfer
function of the filter is given by:

Ge(z)  bo+by-z7t
ag(z)  1+4ay-z71

The default coefficients have been computed with
MATLAB by synthetizing a low-pass filter with an expe-
rimentally determined cut-off frequency F, = 0.02 - F¢,
where F, denotes the sampling frequency. They are given
by [bo, b1, a1] = [0.0305,0.0305, —0.9391]. If a variation of
the norm ||gg|| exceeds a threshold, the cut-off frequency
of the Butterworth filter increases of 0.05 - F, and the
coefficients [bg,b1,a;] are computed again. If the cut-off
frequency reaches F. = 0.4 - F,, the filter waits for the
norm ||g;|| to stabilize. Then, F, decreases of 0.05- F, until
it reaches 0.02 - F,. Then, F, is kept, until the norm ||gg||
exceeds again the threshold. A threshold of A,y = 1—(1)0 |l gall
has been experimentally determined.
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2) Sliding Median Filter: A sliding median filter is used
in order to eliminate the highest frequencies sensor spurious
noise, which creates variations of the norm of gg. Since this
norm should be constant, we need to eliminate the samples
that have an erroneous norm. As we will see in section III-C,
gq directly impacts the accuray of the entire computation
process, hence the need to get g; with the least error. The
sliding median filter uses a sliding window of n norms. At
the beginning, the window contains the first n norms of the
first n samples. Then, the norms of the window are sorted.
Finally, the median value of the window is extracted, and
the sample whose norm is the median value is output from
the filter, as shown in Fig. 4.

Let § = (gz gy g-)7 be the input vector, g; =
(97z gfy gr-)T the filtered vector and i the index of the
sample. The expression of the filter is given by:

g7 (3) = g(k) such that ||g(k)|| = median(||g(i —n+1..7))

Then, the window slides to the right and the norms of
g(i —n + 2.4+ 1) are extracted. A sliding median filter
creates a delay of n — 1 samples.

i=1 2 3 4 5 6
Measurements §(7) ‘6’(1)‘§(2)‘§(3)‘§(4)‘§(5)
! I ! ! I

‘2.1‘2.2‘2.6‘1.5‘2.3‘ ‘

Extraction of a window of norms

Norms ||g(¢)

Sorting of norms

1.5(2.1 2.2 (2.3(2.6
Median norm extraction!

Extracted Norms Hg}(7)|\‘ ‘ ‘ ‘ ‘2.2 ‘ ‘
A
Filtered Measurements g}(z)‘ ‘ ‘ ‘ ‘ 6(2)‘ ‘

i=1 2 3 4 5 6

Figure 4. Sliding Median Filter

The gravitational field filtered with the sliding median
filter still has variations, a sliding average filter is used to
smooth it.

3) Sliding Average Filter: The sliding average filter uses a
sliding window of n samples. At the beginning, the window
contains the first n samples. Then, the average value of the
window is extracted and ougput from the filter.

Let § = (9o gy g9-) be the input vector, g5 =
(gfI dfy 9 fZ)T the filtered vector and ¢ the index of the
sample. The expression of the filter is given by:

oo 1 i
giy=—- > gk
k=i—n+1
Then, the window slides to the right and filters the values
g(i —n+ 2.0+ 1). A sliding average filter creates a delay
of n — 1 samples.
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C. Computation of the Angles of Inclination

The Earth’s magnetic field By, expressed in the device
frame, results from the rotation of the magnetic field B,,
expressed in the reference frame.

By = R.(¢) - Ry(0) - R.(¢) - B, (1)

The Earth’s gravitational field gg, expressed in the device
frame, results from the rotation of the gravitational field
gr, expressed in the reference frame. Since ¢, remains

unchanged after a rotation about the Z,. axis, R () g, = gy
It follows:

ga = Ry() - Ry(0) - gr (2)

It is possible to compute the roll angle ¢ from the
gravitational field by developing Eq. 2:

¢4 = arctan2 (gdy) 3)
9dz
arctan2 denotes the arctangent on the domain [—7r, 7].
Once ¢ is known, it is possible to compute 6:
—Ydz
0 = arctan ( - ) “)
9y * SIn() + ga- - cos(¢)
arctan denotes the arctangent on the domain [—7, 7].

If gy is aligned with the X, axis, the denominator in
Eq. 4 becomes 0. Please see Tab. I for the detection of this
singularity.

Once ¢ and 0 are known, it is possible to compute i) by
developing Eq. 1:

1) = arctan2 (

B -sin(¢)—Bgy-cos(¢) )
By -cos(0)+Bay sin(¢)-sin(0)+Bg. -cos(¢)-sin(0)

D. Singularity Detection

A table of the singularities is given in Tab. I. The norma-
lized gravitational and magnetic field in the device frame are

denoted respectively by gan = (9ana, Jany; gan =)

- B
and Byny = (Bing, Biny, Bin:) = IIEZH'

ity is detected, several compositions of rotations give the
same result. Consequently, there are two methods. The first
method consists in keeping the previous values of ¢, 6 and
1. The second method consists in finding the appropriate
case that allows the accurate determination of ¢, 6 and .

— _Ya
llgall

If a singular-

E. Parametrization of Rotations with Quaternions

The quaternions are hypercomplex numbers, ie. 4-
dimensional mathematical objects, used to describe rotations
in the 3-dimensional space [6].

1) Definition and Properties of a Quaternion: A quater-
nion q has 4 coordinates in a 4-dimensional vector space and
isdenotedby ¢ = (1 ¢2 @3 6]4)T with (g1, g2, g3, q1) €
R*. 1t consists of a vector part ¢, = (q1 Q2 q3)T and a
scalar part g5 = g4. It can be expressed in the following
form:

q=q - t+q-j+q-j+q &)
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9dNzx 9dNy Bina BdNy ¢ 0 P
1 0 sin(9) cos(9) —n/2  —7/2 0
0 —7/2 —m/2
/2 —7/2 T
™ —7/2 w2
1 0 sin(9) —cos(d) | —w/2 —m/2 ™
0 —7/2 w/2
w/2 —7/2 0
™ —7/2 —m/2
0 -1 cos(9) —sin(d) | —7m/2 0 0
/2 T T
0 -1 —cos(d) | —sin(d) | —m/2 0 T
/2 T 0
-1 0 —sin(d) | —cos(d) | —m/2  w/2 0
0 w/2 w/2
w/2 w/2 T
™ /2 —7/2
-1 0 —sin(9) cos(9) —7/2 w2 ™
0 w/2 —7/2
w/2 w/2 0
™ w/2 w/2
0 1 —cos(9) sin(d) —7/2 T 0
/2 0 ™
0 1 cos(9) sin(0) —m/2 T T
/2 0 0
Table I

TABLE OF SINGULARITIES

In Eq. 5, 4, j and k are imaginary numbers: ;2 = j2 =
K= -l,andi-j=—j-i=%kj-k=-k-j=1
k-i = —i-k = j. Therefore, it is possible to compute
the product of two quaternions ¢ = (@1 2 g3 q4)T
and ¢ = (¢f & & qfl)T, denoted by ¢ - ¢/, using the
properties of the hypercomplex numbers. It can be noticed
that the product between 2 quaternions is not commutative:
qqd#dq

The inverse of a quaternion ¢ = (q1

denoted by ¢ ' = (=1 —q2 —q3  qa)

2) Euler-Rodrigues Parameters: A quaternion ¢ =
(1 @ @ q4)T can be used to describe a rotation by
an angle o about a unit vector @ = (a b c)T that is the
axis. @ is a unit vector, so ||@|| = 1. The Euler-Rodrigues

parameters corresponding to the rotation are given by:

T .
G2 g3 qa) s
T

@ =a-sin(g) g =>b-sin(g) g3 =c-sin(g)

. S T
3) Rotation: Let ¥ = (¢ y z) be a vector. The
quaternion ¢ transforms ¥ into another vector v} =
T . S
(xy yg =zg) by rotating it by angle a about an @
axis. A 4! null coordinate is added to ¥, so it becomes
- T -
Vg = (x [T O) . The rotated vector v} corresponds to
the vector part of v7, given by:

Vg =q Uy q " ©6)

The scalar part of v, is 0, since vy, is a pure vector in
the 3-dimensional space.
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4) Composition of Two Rotations: Let q, be a quaternion
describing a rotation by an angle o about an @ axis and ¢g a
quaternion describing a rotation by an angle (3 about a b axis.
The composition of the rotations about the b axis, then the
@ axis, is given by the quaternion ¢, g = ¢n - ¢3. Let ¥ =
(z y z)T be a vector. The quaternion ¢, g transforms
¢ into another vector v} = (x T zf)T by rotating it
by angle (3 about a b axis, then by angle « about an @
axis. With vy = (x T O)T, the expression of Eq. 6
becomes v5; = (¢a - ¢3) - Vg (qﬁ_1 -q;"). The rotated vector
v} corresponds to the vector part of vy,. The scalar part of
V¥4 is 0, since v¥, is a pure vector in the 3-dimensional
space.

5) Computation of the Angular Velocity: The instanta-
neous angular velocity w;.(t) of the device at the instant ¢,
expressed in the reference frame, corresponds to the vector
part of wy,(t) given by [7]:

“1gpy . da(t)
T =2-q7 ) —2
() =27 1) - O
The scalar part of wy4(t) is 0, since wyy(t) is a pure
vector in the 3-dimensional space, which finally gives:

cos(f) - cos(v) - cz.S.+ sin(z)) - 0'.
—cos(f) - sin(¢) - ¢ + cos(¢) - 0
sin(6) - ¢ + ¢

FE. Computation of the Quaternion q From the Angles of
Inclination

A rotation by angle i about the Z, axis, by angle
0 about the Y, axis or by angle ¢ about the X, axis
can be respectively described by the quaternion ¢y =
(00 sin(%) cos(2NT , go = (0 sin(g) 0 cos(4))” or
gy = (sin($) 00 cos(£))T .

The quaternion describing the composition of the rotations
about the Z,. axis, then the Y, axis, and finally the X, axis,
is given by ¢ = q¢ - g - qy-

The method described above has 8 singularities. Conse-
quently, the computation of the angles ¢, § and v cannot
be accurate if the detection of singularities is not efficient
enough.

IV. VIRTUAL GYROSCOPE BASED ON THE ROTATION
MATRIX

In this section, the angles of inclination of the device and
the angular velocity are computed from the accelerometer
and the magnetometer measurements using the rotation
matrix and quaternions. Although its computation cost is
higher, the major advantage of this method is that it reduces
the number of singularities to only 2. Furthermore, this
method does not require the explicit computation of the
angles. The computation process is shown in Fig. 5.
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Quaternion]
f—  » q
Computation > +
3 M|,
B——————» of The Singularity
Rotation Detection
Extraction Matrix M q
aq— of gy 9?(1 Angular
' o> Velocity -5,
Wy
Computation
¢, 0,
of 6, 6, @00
Figure 5. Computation Process 2

A. Computation of the Rotation Matrix M

. T . .
Let = (z y z) be a vector. The rotation matrix M
. . T
transforms  into another vector v} = (zy yr zf) by
rotating it by an unknown angle « about an unknown @ axis.

The coordinates of the resulting v are given by:
vp =M -V @)

Once ¥ and v} are known, it is possible to compute M.
Consequently, we will be able to deduce « and a.

Let ggv = Hgfj” be the normalized gravitational field in
the device frame, B;N = I\gd\l the normalized magnetic
d

field in the device frame, Cy = gy x By the cross product
between the gravitational field and the magnetic field in the

device frame, C;N = ﬁ T];d = B;N X C;N and T;d =
d
gan % Can. )
On the other hand, let g,y = H9+H be the normalized

gravitational field in the reference frame, BT N = _JlB T

normalized magnetic field in the reference frame, C'. = g; X
B, the cross product between the grav1tat10nal ﬁeld and the

magnetic field in the reference frame, C’, N =& c H TBT. =

BNXCNandTngTNxCrN
The expressions of 797 ~ and BT N are respectively g1veTn
by ;v = (0 0 1)° and By = (cos(6) O 51n(5))

Consequently, C, = (0 g-B-cos(d) 0 ooy =

(0 1 0)7, Ts, = (=sin(8) 0 cos(d))” and Ty, =
(-1 0 0"
The general expression of the matrix M is given by:
Mix Miz Mg
M=|Msy Mz Moy
Ms1 Mz Mss

Since ng =M-Ty, Cqgn = M~Cr1_\( and_'gJN =M-g,n,
the matrix M can be deduced from T4, Cyn and ggn:
—Tgde CdaNe 9gdNz
M=|-Tysy Cany gany
—Tga- Canz gdN=
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Since T;d =M - T];T and B;N =M - B:N, there is
another method, which is to deduce the matrix M from Tg,
Cyn and Bgn:

Bangcos(0)—Tpas-sin(d)  Cane Banesin(d)+Tpas-cos(d)
M= BdNy-COS((S)*Tde-Sin(J) Cd,Ny BdNy-Sin(5)+Tde-COS(5)
Bsz-cos(zi)fTde-sin(é) Can- Bsz-Sin(5)+Tde-COS(§)

B. Computation of the Quaternion q

Once the matrix M is known, it becomes possible to
compute ¢q. The four possible cases are given in Tab. II [8,
page 15]. The comparison of Mj;, Moo and Ms3 gives the
appropriate case that allows the computation of g.

V14+Mi1—Maz—Ms3
(M12+Ma1)/~/T+ M1 — Moz —M33
(M31+Mi3)/v/1+M11—Maa—Msg
(M23—M32)/v/1+ My —Maz—M33
(Mi2+Mz21)/v/1—=Mi1+Maa—Mss

VI=Mi1+Mao—Ms3
(M23+Ms2)//1—M11+Maz—Mss
(Mg1—My3)//T—My1+Maz—Msg
(M31+Mi3)/v/1—Mi1—Ma2+Ms3
(M23+Ms2)/v/1—M11—Maz+Msg

V1—Mi1—Maz+Ms3
(M12—M>1)/v/I=Mi1—Maa+Ms3z
(M23—M32)/~/T+ M1+ Moz +Msz3
(M31—Mi3)/v/1+M11+M22+Mss
(M12—M21)/v/1+Mi1+Ma2+Mss

VIFMi1+Maz+Msz

Table II
COMPUTATION OF ¢ FROM M

Moo <—Ms3s
Mi1>Maso
Mi1>Ms33

)
Il
ol

Myo>Ms3s
My <—Mso
My <—Ms3s

Moo <Ms3s
My1<—Maa
Mi1>M33

Moo >—Ms3s
My1>—Mag
Mi1>—Ms3s

<
I
ol

C. Computation of the Angles of Inclination
Once ¢ is known, ¢, € and 1) can be computed:

2 (¢ 'CI4+Q2'CJ3))
1-2-(qf +43)

¢ = arctan2 (

0 =arcsin (2-(q2-qa — g3 - q1))

2'(Q3'Q4+Q1'Q2))

1-2-(q3 +d3)

With this method, there are only 2 singularities left: 8 =
+7. They are known as the gimbal lock. If such a singularity
is detected, the previous value of € is kept.

1 = arctan2 (

V. EXPERIMENTAL RESULTS
A. Extraction of gg

The Fig. 6 shows the results of the computation of gg.
First, the X; axis has been aligned with the Z,. axis,
then the device has been shaken by the user, who created
accelerations of about 2g. Then, the Y} axis has been aligned
with the Z, axis and, finally, the Z; axis has been aligned
with the Z,. axis.

We can notice that the norm of the extracted gravitational
field equals 1g and that the highest frequencies due to the
fast shakes of the user have been eliminated.
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Adx Ady adz
29 29+ ‘ 29-
19 19- iR 1g-
1o 1o : R
g- g- 9-
-2g- -29- -2g9-
9dx 9dy 9dz
2g- 2g- 2g-
[/ S e
0 o — - 0
1g- 19- 19-
-2g9- -2g- -29-

Figure 6. Extraction of gy

B. Angular Velocity

Experimental results of the angular velocity computed
with our first method virtual gyroscope (top) compared to
the one from a real gyroscope (bottom) are given in Fig.
7. The real gyroscope is tied to the accelerometer and the
magnetometer and their frames are aligned to get a 9 degree
of freedom system. The similarity of the two measures
confirms the accuracy of our model.

dps wX dps wY dps wZ
300 300 300}
2001 200- 200
100+ 100 A 100
0 o- 0 MMM\,/\[\[—/\N
-100 -100r -100
-200f -200+ -200
-300¢ -300- -300
dps  QyroX dps  gyroY dps  QyroZ
300} 300 300
200 200 200
100 100 100+
-100 -100 -100
-200 -200 -200
-3000 -300 -300
dps=degrees per second
Figure 7. Angular Velocity Computed With our Virtual Gyroscope (top)

vs. a Real one (bottom)

VI. CONCLUSION AND FUTURE WORKS

In this paper, we have presented two methods to imple-
ment a virtual gyroscope that only uses the measurements
of an accelerometer and a magnetometer, with 6 degrees of
freedom.

The two methods have their own advantages and draw-
backs. The method which uses the angles of inclination is
easier to implement, but there are 8 singularities, which
need to be solved. Moreover, the computation of 7 depends
on the computation of €, which in turns depends on ¢. If
there is a singularity on ¢, the computation of the angles
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is not possible. On the other hand, the method with the
rotation matrix has only two singularities but its computation
cost is higher. The second method has not been completely
implemented and validated yet; this is our current work.

The precision of both methods and their limitations must
be investigated and will be our main future work.

Finally, we plan to optimize the implementation of both
methods on the MMA9550L. This will allow us to provide
the angular velocity and the angles of inclination of the
device and use them for several applications, like a 3-
dimensional mouse, a virtual joystick, a human motion
tracker. The MMA9550L board can communicate with the
PC with a Bluetooth connection. Consequently, the board
can become a portable device with its own power supply.
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