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Abstract—In this paper, a novel index search algorithm
is proposed for quantized equal gain transmission (QEGT)
codebook based closed-loop multiple-input multiple-output sys-
tems. The codewords are grouped into a small number of
categories by utilizing Grassmannian beamforming criterion.
Then, the optimal centroid is selected within those of the
groups, which maximizes the signal-to-noise ratio or capacity
criterion. Hereby, the optimal index of QEGT codebook is
determined within the group of the selected centroid. Monte-
Carlo simulations are presented to show that the codebook
index search complexity is halved, whilst maintaining almost
the same throughput.
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I. I NTRODUCTION

For closed-loop multiple-input multiple-output (CL-
MIMO) communication systems, the transmit beamforming
(TxBF) technique alleviates the negative effect of fading
channel by exploiting spatial diversity due to the increased
number of MIMO fading channel paths. The TxBF requires
feedback of channel state information (CSI) from the re-
ceiver to the transmitter. Such CSI feedback can potentially
incur excessive overhead due to the multiplicity of channel
coefficients, and thus a small number of feedback bits are
sent via a feedback path for the transmitter to recreate the
TxBF vector. These systems are known as limited feedback
systems (see [1] and the references therein). To reduce
the bandwidth requirement of the feedback systems, finite
rate techniques have been proposed for the cases of TxBF
[2]-[4]. In these limited feedback systems, the receiver
chooses a precoding matrix from a finite set of precoding
matrices, called codebook, on the basis maximizing the
effective capacity or signal-to-noise (SNR) after combining,
and sends the corresponding bits, which denotes index, to the
transmitter. The codebook design strategies which have been
suggested use either numerical optimization methods [4]-
[8] or random vector quantization (RVQ) method [9]. Such
random codebooks have been shown to be asymptotically
optimal as the number of feedback bits and transmitted
antennas increase [10], [11].

Among various codebooks for the TxBF, the QEGT code-
book is the optimal precoding matrix for maximizing the

capacity with a per-antenna equal power constraint. Also, it
has modest transmit amplifier requirements than other TxBF
techniques, since it does not require the antenna amplifiers
to modify the amplitudes of the transmitted input signals
[5]. Similar to other codebook based CL-MIMO systems,
QEGT codebook needs a larger size codebook which gives
better performance than a small size one, as the number of
transmit antennas increases. In other words, the codebook
size increases exponentially with the number of transmit
antennas to maintain a given effective capacity or SNR loss
with respect to the ideal non-quantized system [3], [4], [8].
The increased codebook size can cause a feedback delay
due to the large amount calculation of excessive search (full
index search) [4],[5], and also reduce the effectiveness of
the precoding matrix at the transmitter [12]. It can be seen
that the feedback delay may lead to negative effects on
information capacity or symbol error rate [13]-[17]. Non-
exhaustive methods for searching unstructured codebooks
at the expense of increased memory requirements have
been well researched in [18]. Hence, employing an efficient
codebook index search algorithm becomes essential.

In this paper, an efficient codebook index search algorithm
with Grassmannian beamforming criterion is proposed for
finding optimal precoding matrix of QEGT codebook based
CL-MIMO systems. Monte-Carlo simulations are presented
to show that the normalized complexity is halved, whilst
maintaining almost the same achievable throughput compar-
ing to the full index search algorithm when the number of
transmit antennas is more than three.

The remainder of the paper is organized as follows.
Section II reviews CL-MIMO communication with TxBF.
In Section III, we propose reduced complexity QEGT code-
book index search algorithm which relies on a grouping
strategy. In Section IV, the results of previous sections are
demonstrated, and related discussions are given. Finally,
concluding remarks are given in Section V.

II. SYSTEM OVERVIEW

The CL-MIMO system relying on the TxBF and using
Nt transmit as well asNr receive antennas is considered.
TheM -dimensional complex transmit symbol vector at the
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channel instantm (for m = 0, 1, . . .) is denoted by1sm =
[sm,1 · · · sm,M ]

T ∈ C
M×1 with sm ∼ CN (0M×1, IM ) and

M ≤ min{Nt, Nr}. The vectorWsm is sent through the
channel whereW ∈ C

Nt×M is the precoding matrix. Then,
the received signal vectorym at theNr receive antennas
can be written as

ym =

√

ρ

M
HmWsm + nm, (1)

wherenm ∈ C
Nr×1 denotes the noise vector withnm ∼

CN (0Nr×1, INr
) and ρ denotes the SNR. The matrix

Hm ∈ C
Nr×Nt represents uncorrelated Rayleigh falt fading

channel matrix with i.i.d. entries distributed according to
CN (0, 1).

The evolution ofHm is modeled by a first-order Gauss-
Markov process [19]

Hm = ǫHm−1 +
√

1− ǫ2Gm, (2)

where Gm ∈ C
Nr×Nt has i.i.d. entries with distribution

∼ CN (0, 1). The noise processnm in (1) is indepen-
dent of Gm and H0. The time correlation coefficient
ǫ (0 ≤ ǫ ≤ 1) represents the correlation between elements
hm,i,j and hm−1,i,j (wherehm,i,j denotes the(i, j) entry
of Hm). We assume all the elements ofHm have the
sameǫ. The evolution variableǫ obeys Jakes’ model [20]
according toǫ = J0(2πfDT ), where J0(·) is the zeroth
order Bessel function,T denotes the channel instantiation
interval, andfD = vfc

c
denotes the maximum Doppler

frequency using terminal velocityv, carrier frequencyfc,
andc = 3× 108m/s.

In a TxBF system, the key question is how to designW

to maximize the system performance. For this reason,W

should be chosen to maximize the receive SNR in order
to minimize the average probability of error and maximize
the capacity. In general, it can be determined by applying
the singular vector decomposition (SVD) [21]. However,
accurate quantization and feedback of this precoding matrix
can require a large number of feedback bits quantized
TxBF techniques provide a solution for this problem by
quantizing the optimal precoder at the receiver. Specifically,
the precoder is constrained to be one ofN matrices, which
is called a codebook. If the codebook ofN matrices is
known to both the transmitter and the receiver,L = log2N
bits of feedback are required for indicating the index of
the appropriate precoding matrix [22]. Denote the precoding
QEGT codebookW = {Wk}

N

k=1 andWk ∈ U(Nt,M). A
procedure to generate the QEGT codebook for TxBF system
is clearly given in six steps [5].

1a bold lower case lettera denotes the vector, a bold capital letterA

denotes a matrix,A ∈ Cm×n denotes complex matrixA havingm row
andn column,AH denotes the conjugation transposition of matrixA, IM
denotes theM×M identity matrix,0m×n denotes them× n zero matrix,
U(m,n) denotes the set ofm × n matrices with orthogonal columns,
‖·‖

F
denotes the Frobenius norm of a matrix,log

2
(·) denotes the base

two logarithm, anddet(·)denotes the determinant of a matrix.

We assume that the receiver perfectly knows the current
CSI by channel estimation algorithms. In order to maximize
the system performance, two optimum codebook index se-
lection criterions are presented: one is the SNR selection
criterion and another is the capacity selection criterion.In
the SNR selection criterion, theW should be selected to
maximize the receive SNR, thus the selection criterion can
be expressed as follows [4]

W = argmax
Wk∈W

‖HmWk‖F . (3)

Another precoding matrix selection criterion is the maximum
capacity, which can be written as follows [23]

W = argmax
Wk∈W

log2 det
(

IM +
ρ

M
WH

k HH
mHmWk

)

. (4)

From (3), (4), the optimal precoding matrixW satisfy both
SNR and capacity maximization criterions.

III. PROPOSEDINDEX SEARCH ALGORITHM

In order to reduce the complexity of index search al-
gorithm for QEGT, we propose a new codeword grouping
algorithm. In the second subsection, the optimal precoding
matrix index selection algorithm was presented among the
generated groups.

A. Grouping the codewords of QEGT

The prcoding matrices in the codebook are divided into a
given number groups. Assuming that the QEGT codebook
elements are uniformly quantized, the precoding matrices
can be arranged intoP groups, each group havingQ precod-
ing matrices(N = P ×Q). The proposed grouping strategy
uses Grassmannian beamforming criterion to generateP
groups of codeword. Also, another grouping strategy using
Lloyd’s algorithm will be addressed briefly to compare
performance for the proposed algorithm, which has already
studied in [25]. The major difference between these two
grouping strategies is that the key idea of proposed algorithm
uses index elimination, while the Voronoi cell is used in
[25]. Also, the proposed algorithm has characteristic thatthe
precoding matrices in the QEGT codebook are distributed
always evenly to each group, while the grouping strategy
using Lloyd’s algorithm is not always doing so.i.e., if we
have N = 16, P = 4, Q for the proposed algorithm is
always 4,Q for Lloyd’s algorithm has a value between 3
and 5. Thus, the calculation of proposed algorithm is always
minimum comparing to the approach in [25]. This can be
extended more generally, which will be shown in Section
IV.

1) Grassmannian beamforming criterion: Using Grass-
mannian beamforming criterion, it can be maximized that the
minimum distance between any pair of lines spanned by the
codebook matrices on Grassmann manifold [4], [24]. And it
provides an approach for finding optimal line packings. We
outline the process as the following.
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Figure 1. Centroid selection using Grassmannian beamforming criterion.

Figure 2. Grouping the precoding matrix using chordal distances.

• Step 1: Generate candidate reference codebooks
{Wc

i }
N

i=1 by deleting thei-th index matrix fromW.
Thereby the number of candidate reference codebooks
is N = card (W), wherecard(·) denotes the cardinal-
ity of a set. LetN c = card (Wc

i ).
• Step 2: Select the optimal candidate codebookWc

opt

from the candidate codebooks which has maximized
minimum distance between each pair of matrices. This
can be expressed as follows

d (Wk,Wl) =

√

1−
∣

∣WH
k Wl

∣

∣

2
, (5)

δ (Wc
i ) = min

(Wk,Wl)∈W
c
i

d (Wk,Wl) , (6)

and

Wc
opt = argmax

Wc
i
∈{Wc

i }
N

i=1

δ (Wc
i ) . (7)

• Step 3: IfN c is not equal toP , letW = Wc
opt which is

previously selected. And repeat step 1 and step 2 until
N c = P , as shown in Fig. 1.

• Step 4: The deleted precoding matrices (in step 1) are
assigned to its nearest centroid by using the chordal
distance as in (5). This procedure generates new groups
which only have one centroid in each of them, as shown
in Fig. 2, wherecp, p = 1, 2, . . . , P are the centroid
indices.

Figure 3. Example of QEGT codebook grouping whenNt=2, N=64 and
M=1.

2) Lloyd’s algorithm: To illustrate the grouping strategy
with Lloyd’s algorithm, we consider the case ofNt=2,
N=64 andM=1. The 1st element of the TxBF vectors
corresponding to the 1st transmit antenna can be forced
to be real-valued owing to the rotation-invariant property
of BF vectors [4]. Then, the 2nd element of the TxBF
vectors corresponding to the 2nd transmit antenna can be
plotted on the complex-valued plane, as seen in Fig. 3, which
illustrates eight groups of TxBF vectors as the result of
Lloyds clustering algorithm. In the notation ofwi,j seen
in Fig. 3, i represents thei-th element of the TxBF vector
corresponding to thei-th transmit antenna andj denotes the
index of the TxBF vector in the QEGT codebook. Fig. 3
also magnifies a group of eight TxBF vectors at the right,
where the cluster centroid is indicated by a square mark(�),
while the others are indicated by triangles(△). In the same
way, we can group the precoding matrices in the QEGT
codebook, when the number of transmit antennas is higher
than or equal to three. The more detailed grouping strategy
using Lloyd’s algorithm has been well documented in [25].

B. Group index selection criterion for QEGT codebook

Among the various centroids, the best of the centroids
copt is selected, which maximized the receive SNR

copt = argmax
cp∈Cset

∥

∥HmWcp

∥

∥

F
, (8)

or channel capacity

copt = argmax
cp∈Cset

log2 det
(

IM +
ρ

M
WH

cp
HH

mHmWcp

)

,

(9)
whereCset is the set of{c1, c2, . . . , cp}. And then, the
optimal precoding matrix indexmopt is determined within
the group of the selected best centroid, which maximized
the receive SNR as follows

mopt = argmax
mq∈Mset

∥

∥HmWmq

∥

∥

F
, (10)

or channel capacity

mopt = argmax
mq∈Mset

log2 det
(

IM +
ρ

M
WH

mq
HH

mHmWmq

)

,

(11)
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where mq, (q = 1, 2, . . . , Q) represents the precoding
matrices of the chosen centroid group andMset is the set
of {m1, m2, . . . , mq}.

From the above process, proposed scheme needs only the
search ofP +Q indices within QEGT codebook. It is much
smaller than the number of full index search algorithm in
(3), (4). For this reason, the entire search complexity is
significantly reduced. Also, considering the highly tempo-
rally correlated fading channels, the group of the selected
centroid as in (8), (9) almost constants. Therefore the entire
search complexity is more reduced by researching only the
Q indices.

The problem now becomes how to determine the number
of groups,P and the number of elementsQ in the group,
when QEGT codebook sizeN is fixed. The proposed
grouping rule can be applied that the number of groups,
P should be the same or the nearest integer to the value of
N/P when the precoding matrix in the QEGT codebook are
distributed almost evenly to each group.

IV. SIMULATION RESULTS

In this section, we perform Monte-Carlo simulations to
investigate the achievable throughput performance of the
proposed algorithm in MIMO channels. The CL-MIMO
system is equipped withNt transmit antennas, andNr

receive antennas, we use the notationNt × Nr to denote
Nt transmit andNr receive antenna system. In order to
show the performance in vehicular environments, simulation
parameters employed in IEEE 802.11p/WAVE standard [26]
are used. In IEEE 802.11p/WAVE, the TxBF system assumes
mobile speed 50km/h, carrier frequency of 5.9GHz, band-
width of 10MHz, and feedback interval of 5ms, thus, typical
time correlation coefficient isǫ=0.020. In our systems, only
low mobile speed is supported (less than 60km/h), this
is supported in 3GPP LTE and IEEE 802.16p standards.
And adaptive modulation coding is assumed for orthogonal
frequency division multiplexing system whose DFT/IDFT
size is 512. The simulations were run with over 1.5 million
iterations per SNR point. Codebook for the QEGT system
was designed based on Grassmannian beamforming criterion
[5]. The entire codebook size for 3 transmit antennas is 16,
and the entire codebook size for 4 and 5 transmit antennas is
64. The maximum capacity selection criterion is used for the
optimal precoding matrix selection. The feedback channel is
assumed to be error free. Also, we assumed that the channel
estimation and synchronization are perfect and there is no
spatial correlation amongst transmit and receive antennas.

The achievable throughput performance of the proposed
and the full index search ones which have3 × 2, 4 × 3
and 5 × 4 systems are shown in Fig. 4. We assumeP
is 4 and 8 for 3 transmit antennas and 4 or 5 transmit
antennas, respectively. Fig. 4 shows the performance of
proposed algorithm, the proposed algorithm (curve label
‘proposed algorithm’) performs almost the same as those

Figure 4. Throughput versus SNR when mobile speed is 50km/h.

Figure 5. Comparison of the calculated indices for QEGT codebook both
the full index search algorithm and the proposed algorithm.

of the approach in [25] (curve label ‘algorithm in [25]’).
And those performance almost achieve the full index search
algorithm (curve label ‘full index search’).

Fig. 5 shows how much the QEGT codebook index
search complexity is reduced in comparison to the full
index search algorithm. When the proposed codebook index
search algorithm using group strategy based on Grass-
mannian beamforming criterion is applied,i.e., we have
(N, P, Q) = (16, 4, 4) or (64, 8, 8), we have almost
the same performance comparing to the full index search
ones, while maintaining the lowest codebook index search
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complexity. From the results of Fig. 5, the optimal grouping
is that the value ofP should be nearly the same at the
value ofQ. In other words, the value ofQ may vary around
the nearest integer ofN/P . Thereby, the codebook index
search complexity is halved, whilst maintaining almost the
same throughput when the number of transmit antennas is
more than three.

V. CONCLUSION

In this paper, we have investigated the codebook index
search problem for CL-MIMO systems. A complexity re-
duced index search algorithm for QEGT codebook is pro-
posed which uses grouping strategy based on Grassmannian
beamforming criterion. From the simulation results, as the
QEGT codebook size increases, the QEGT codebook index
search complexity of the proposed algorithms were signifi-
cantly decreased comparing with that of the full index search
algorithm. Moreover, the achievable throughput performance
of our proposed algorithm were almost the same as those of
the existing full index approaches.
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