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Abstract—The inverse scattering problem of a quantum star
graph is shown to be solvable as a diagonalization problem
of Hermitian unitary matrix when the connection condition
is given by scale invariant Tsutsui-Fulop form. This enables
the construction of quantum graphs with desired properties in
tailor-made fashion. The quantum vertices with uniform and
reflectionless scatterings are examined, and their finite graph
approximations are constructed.

Index Terms—quantum graph; singular vertex; quantum wire;
inverse scattering

I. INTRODUCTION

The inverse scattering is one of the most intriguing problems
in quantum mechanics. The interest in the inverse scattering
problem of quantum graph [1], [2], [3], in particular, is two-
fold. Since the quantum graph is a prime example of nontrivial
solvable system [4], it presents a challenge for extending the
range of solvable inverse scattering problems. The inverse
scattering problem of quantum graph is also important for
its relevance as the design principle of nanowire-based single
electron devices.

In this article, we consider the inverse scattering problem on
a star graph with Fulop-Tsutsui vertices [5], the scale invariant
subset of most general vertex couplings [6]. A star graph is
the elementary building block of generic graph having many
half-lines connected together at a single point, the singular
vertex. The scattering matrix of star graph with Fulop-Tsutsui
condition is energy independent. We exploit this simplicity
to give the full answer to its inverse scattering problem in
the form of eigenvalue problem of Hermitian unitary matrix.
Two special examples of inverse scattering problems, that of
reflectionless transmission, and of equal-scattering including
the reflection, are examined. Intriguing designs emerge for the
realization of quantum device with such properties. Since any
singular vertex is effectively reduced to Fulop-Tsutsui vertex
in both high and low energy limits [7], our study hopefully
opens up a door for the full study of inverse scattering
problems for general singular vertex.

This article is organized as follows: In the second sec-
tion, we formulate the inverse scattering problem of scale
invariant graph vertices in terms of matrix diagonalization.
In the third section, a scheme to approximate the vertex with
small structures made up of §-vertices is developed. In the
fourth section, the scheme is applied to obtain reflectionless
and equitransmitting quantum graphs. The accuracy of the
approximating procedure is examined in the fifth section,
which is followed by the concluding sixth section.
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II. INVERSE SCATTERING AS DIAGONALIZATION

Consider a singular quantum vertex of degree n, having
n half-lines sticking out of a point-like node. The scale
invariant subfamily of most general connection condition is
characterized by a complex matrix 7' of size (n —m) X m
where m can take the integer value m = 1,2,...,n — 1, and
is given by

m Ty 0 0
< 0 0) = <_TT I(n—m)) v, (1

where I() signifies the identity matrix of size [ x [, and the
boundary vectors ¥ and ¥’ are defined by

1(0) ¥1.(0)
= o] =1 ], 2

¥ (0) ¥, (0)

in which ;(z;) and ¢}(z;) are the wave function and its
derivative on i¢-th line [8]. The coordinates z; on the i-th
line are labeled outwardly from the singular vertex, which is
assigned x; = 0 for all ¢. To achieve the from (1), we may have
to suitably renumber lines, in general. The quantum particle
coming in from the j-th line and scattered off the singular
vertex is described by the scattering wave function on the i-th
line, v () which is given in the form

9 (x) = 6 e 4 S, ek, 3)

From (1) and (3), we obtain the equation

o (Tm) T (n)y _ 0 0 (n)

We easily obtain the explicit solution of the scattering matrix
S ={S;,;} in the form

(m) -1
S=—1M 49 (ITT ) (10“) + TTT) (1™ 7). (5)

We can rewrite this solution in the form of a products of three
Hermitian matrices as
S =Xy Zm X, ©)

where we define

I(m) T I(m) 0
Xm = < TT _I(n—m)) ) Zm = < 0 _I(n—m)> . (7)

Note the Hermitian unitarity of S;

st=g5, sfs=r1m. (8)
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Interestingly, (6) can also be viewed as the diagonalization
of Hermitian unitary matrix S by a non-unitary Hermitian
matrix X,,. We can show, in fact, that this form leads to
the path to the inverse scattering problem for quantum graph
vertex of Fulop-Tsutsui type: Let us suppose that the full set
of scattering data is given in terms of an arbitrary Hermitian
unitary matrix S. Let us signify the rank of the matrix S+ (")
by m. After proper renumbering of lines, we can write this
matrix in the form

(m)
S+1M = (ITT ) M (1™ T, 9)

where M is a Hermitian m x m matrix, and 7', a complex
(n —m) x m matrix. From the unitarity of S, we find the
relation (S + I™)2 = 2(S + I(™), from which we obtain

M =21 4 77H)~1 (10)

and we therefore arrive at (5). It is notable that any Hermitian
unitary matrix can be viewed as a solution S of a Fulop-
Tsutsui vertex, which is necessarily independent of the in-
coming momentum k. For a quantum star graph to break scale
invariance and obtain k-dependence, its scattering matrix has
to obtain non-Hermiticity. These observations, along with the
very fact of the existence and uniqueness of inverse scattering
solution of quantum star graph, can be reached easily and
directly from the original “U-form” of connection condition
using a unitary matrix [1], [6], but our procedure holds definite
advantage of giving us T directly, which is known [8] to allow
us the physical construction of a finite quantum graph whose
small size limit reproduces the prescribed S.

The procedure of diagonalization, in practice, can be cum-
bersome for large n. There are simpler alternative to obtain
T from S: Let us divide S into four submatrices Sy1, Si2,
So1 and Sao of size m x m, m X (n—m), (n —m) x m and
(n —m) x (n —m), respectively as

s= (s s): a
These submatrices have the properties
Sl =8, Sly=8n, S8 =58, (12)
and also
Sh+8h =1, 83, +83 =10,
S11812 + S128522 = 0. (13)

We have the explicit expressions of f 7" in terms of S;;;

T = (1" + 8n) T S =S, (10 - 550) s

It is easy to check that the forms (5) and (6) can be kept
under the index renumbering « <> § both for o, 5 < m and
for , f > m with the proper transformation for the elements
of T'; It is given by t,; <+ tg; for the former and ¢;, <> t;
for the latter. For the case of & < m and 8 > m, it is given
by tij — t;j with

_ titas —taslis 5 5. taidia—dajtiatiadss
- (183
(2] J tap

!
t;

, (15)
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where we define Sl-j = 1 — ;5. This implies that it is not
possible to exchnage the indices o and 3 whose t,3 is zero.
This corresponds to the index ordering for which both (7(™)+
S11) and (I("~™) —S,,) are singular and the T is undefined,
thus the boundary condition at the singular vertex does not
take the form (1).

III. FINITE APPROXIMATION

Finite tubes connected at a node tend, in their small diameter
limit, to a vertex with delta-like connections, and very often
to its strength zero limit, a free vertex [9]. We might also
consider applying localized magnetic field to achieve phase
change. It is natural, therefore, to devise a design principle to
construct arbitrary connection condition out of this elementary
vertex. Once all elements of 7" = {t;;}, ¢ = 1,...,m and
7 =m+1, .., n, are obtained, a finite graph with internal lines
and the J-coupling vertices can be constructed systematically,
whose small-size limit reproduces the boundary condition of
Fulop-Tsutsui vertex, (1). The scheme [10] works as follows.

(1) Assemble the edges of n half lines which we assign the
numbers j = 1,2,...,n, and connect them in pairs (¢,j) by
internal lines of length d/r;; except when r;; = 0, for which
case, the pairs are left unconnected. Apply vector potential A;;
on the line (4, j) to produce extra phase shift y;; between the
edges when its value is nonzero. Place § potential of strength
v; at each edge 1.

(ii) The length ratio r;; and the phase shift x;; are deter-
mined from the non-diagonal elements of the matrix () defined
by

T 77t T
Q= ([(nm)> (-1t 1) = ( _t I(m)) ,  (16)

by the realation r,»jeiX”' = @Qi; (¢ # j). This means that
we have rijeixu‘ = t;; for i < m,j5 > m, and rijeix’lf =
Y ism tilt;l for 4,7 < m. For ,j > m, we have r;; = 0 and
naturally also x;; = 0.
(iii) The strength v; is given by the diagonal elements of
the matrix V' defined by
1 (n) (n)
V= E(2I - J"R, 17
where R is the matrix whose elements are made from absolute
values of matrix elements of Q, i.e. R = {r;;} = {|Qi;|}, The
matrix .J(") is of size n x n with all elements given by 1. This
means that we have v; = é(l — Zlgm ry;) for ¢ > m, and
Vi = g (Xpsm i —Titl = Xoyiy<pia) for i < m. These fine
tunings of length and strength are necessary to counter the
generic opaqueness brought in with every addition of vertices
and lines into a graph.
The wave function ¢(z)= ¢; j(x) on any internal line (¢, j),

we have the relation
(£00) =5 (58 68 () om
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Fig. 1.  Finite approximation to the reflectionless Fulop-Tsutsui vertices
corresponding to (22) (left) and (28) (right) constructed according to (16)-
(17). Dotted line indicates the existence of non-zero phase shift x:;.

with F(z) = zcotz and G(x) = x cosec x. Combining (18)
with the condition at the i-th endpoint,

1(0) + Y ¢;(0) = v (0)
JF#i

(19)

where we have the J-potential of strength v;, we obtain the
relations between the boundary values v; = ¢;(0) and ¢, =
%(0) in the form

A = [ vid + Y raFu | 4i—Y_ eXrgGathy,  (20)
1£i I£i
where the obvious notations Fj; = —cot—l and G;; =

i cosec % are adopted. Note that the equation (20) is exact

and does not involve any approximation. In the short range
limit d — 0, we have F;; = 1+ O(d?) and G;; = 1+ O(d?).
We can then show, with a straightforward calculation in the
manner of [8], that the limit d — 0 gives the desired
connection condition for Fulop-Tsutsui vertex (1).

IV. EXAMPLES

With the solution of the inverse scattering fully formulated,
it is now possible to find a Fulop-Tsutsui vertex from a
given scattering matrix with specific requirement. Our previous
results detailed in [10] showing the reconstruction of “Free-
like” scattering is one such example, and could have been
achieved easier with current method. We now ask whether
there is fully reflectionless graph whose scattering matrix
has only zeros for its diagonal elements, S;; = 0. Vertices
yielding such scattering matrix is known to be useful in
developing semiclasical theory of quantum spectra [11]. If we
limit ourselves to real S, it becomes symmetric matrix with
Sij = Sﬂ

We note a useful relation concerning the trace of the scat-
tering matrix. Taking the trace of (6) and utilizing tr(AB) =
tr(BA), we have

trS=trZ,, =2m —n. 21)
Since S for reflectionless scattering is traceless, we can have

such scattering only for n = 2m.
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Our first example is with n = 4 whose S is given by

0 0 a V1—a?
0 0 V1 —a? —a
= 22
S a V1—a? 0 0 (22
V1 — a? —a 0 0
and the and corresponding T, by
a V1 — a?
T= . 23
(\/1 —a? —a > @3)
The finite approximation is characterized by
T2 =734 =0, 113 =12 =a, T3 =714 = V1 —a?,
eX2t = 1 ¢Xii = 1 all others,
1—a—+1-a?
pmm == (24

The finite graph approximation is schematically illustrated in
the left side of Figure 1.

We next turn to reflectionless scattering with uniform trans-
mission to all other lines. The smallest non-trivial example of
such matrix exists for n = 4, and given by

0 1 1 1
1 1 0 =i i
S = Vsll i 0 —i 25)
1 -i i 0
The corresponding 7T is given by
w wt
T (w4 ’ ) . 26)

with w = ¢€'5. Our finite approximation is specified by
following numbers.

T3 =T14 =To3 =7 =g94= 1, 119 =134 =0,

elxis — 6i%7€iX14 — e—i%7ei><23 — e—4i%7ei><24 — 64i%7
1
VL= =3 =g = oo, 27

The finite graph approximation is schematically illustrated in
the right side of Figure 1.

If we limit ourselves to real scattering matrix, such matrix,
called symmetric conference matrix, is known to exist for n =
6,10, 14,18, 26, 30, 38, .... We look at the example of n = 6
whose S is given by

0o -1 -1 -1 1 1

-1 0 -1 1 -1 1

1 -1 -1 0 1 1 -1
=111 1 0 1 1 %)

1 -1 1 1 0 1

1 1 -1 1 1 0

The corresponding T is given by
1 1+ 147v
T=|[1+4« 1 1+~ (29)
I+y 1+ 1
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where v = (v/5 — 1)/2 is the golden mean. Our finite
approximation is specified by following numbers.
T2 =7re3 =113 =4+ 37, 114 =7ra5 =136 = 1,
T15 =T16 = T26 = T24 =T31 = T32 = 1 +7,
T45 = T46 = 156 = 0,
eXiz — eixas — gas — 1 X = 1 a]] others,
1 1
V1 = Vg = V3 = —6%, V4 = V5 = Vg — —2%. (30)

The finite graph approximation is schematically illustrated in
the right side of Figure 1.

Our next example is the reflectionless equitransmitting
graph with n = 10, that corresponds to the S matrix given
by n = 10 conference matrix

0 -1 1 1 -1-11 1 1 1
-10 -11 1 1 -11 1 1
1 =10 -11 1 1 -11 1
1 1 -10-11 1 1 -11
1f-11 1 -10 1 1 1 1 =1
‘9_5 -11 1 1 1 0 1 —-1-11 @D
1 -11 1 1 1 0 1 —-1-1
1 1 -11 1 -11 0 1 —1
1 1 1 -11-1-11 0 1
1 1 1 1 -11-1-11 0

The trace of S is zero again, and we have m = % = 5. The

matrix T specifying the vertex is given by

-1 0 1 1 0
0 -1 0 1 1

T=1 o -1 o 1|, (32)
1 1 0 -1 0
o 1 1 0 -1

where o = \/2—1 is the silver mean. Our finite approximation
is specified by following numbers for verteces;

T12 =T93 =T34 = T45 = 15 = 1,
T16 = T27 = T38 = T49 = T'sq = 1,
T18 = T29 = T3¢ = T46 = I's7 = 1,
T19 = T2q = T36 = T'47 = I'sg = 1,
T13 =T14 = T24 = T25 = I35 = 2,
=r56 =0,

17 =T28 =739 = T4a

Tla = T26 = T'37 = T4g = T'59 = 0,

T67 = T78 = 789 = T9a = T6a = 0,

T68 = T79 = T'gq = T69 = T'7q = 0,
eX12 — pixas — oixsa — plxas — oixis — _q
elX16 — oiX27 — pixss — oiXao — piXsa — _ 1

eXi =1 all others,

V1 =V =0V3 =UVgqg = V5 = —

(33)

6
d’
2
Ve = V7 = UV = U :']_}a:——
6 7 8 9 d
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Fig. 2.  Finite approximation to the equal-scattering Fulop-Tsutsui vertex
corresponding to n = 10 conference matrix, (31) (left) and n = 8 Hadamard
matrix, (34) (right) constructed according to to (16)-(17).

Here, a in subscript stands for the index for 10th edge.
The finite graph approximation for this case is schematically
illustrated in the left side of Figure 2.

The last example is the equal-scattering graph, in which
in the scattering is uniform in all lines including the line of
incoming particle. Such matrix, called symmetric Hadamard
matrix, is known to exist for n = 2¥, k = 0,1, .... An example
of such § for n = 8 is given by

1 -1 -1-1-11 1 1
-1 1 -1 -1 1 -1 1 1
-1 -11 -1 1 1 -1 1
-1 -1-1 1 1 1 1 -1
-1 1 1 -1 1 1 1
1 -1 1 1 1 -1 1 1
11 -1 1 1 1 -1 1
11 1 -1 1 1 1 -1

The trace of S is again zero, and we have m = g = 4. The

matrix T specifying the Fulop-Tsutsui the vertex is given by
1

(34)

Sl

c 1

1

o+1 35)

1
1
o

— Q =

1 o
1 1
1 1

where 0 = \/2—1 is the silver mean. Our finite approximation
is specified by following numbers for verteces;

T12 =T13 =T14 =T23 =T24 =734 = 1 + 0,

o
T15:T26:T37:T48:1+07
1
7‘1627“17:7“18:7“27:7‘28:7“38:1+07
1
T25:T35:7"36:T45:T46:T47:1+O_7
T56 = Ts57 = I'sg = I'e7r = reg = 78 = 0,
elX12 — oiX13 — pix14 — pix23
= e?24 = 31 = 1 Xl = 1 all others,
50 — 3
V1 =V2 =03 =V4 = — d
oc+1
Vs = Vg = V7 = Vg =— — d N (36)

The finite graph approximation is schematically illustrated in
the right side of Figure 2.
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Fig. 3. Scattering probabilities as functions of incoming momentum k (in
the unit of 1/d) of finite quantum graph approximating the equal-transmitting
reflectionless vertex with n = 6 edges represented in Figure 1, right.

V. CONVERGENCE OF FINITE APPROXIMATIONS

Finally, we take a look at the convergence of the finite
size graph approximation by numerical calculations. In Figure
3, we display the scattering matrix of the finite graph that
is constructed to approximate equal-scattering reflectionless
matrix, (28). These are calculated directly from (20). The value
of the wave length & is in the unit of 1/d. The convergence
can be seen as quite good below kd < 0.2. Numerical analysis
of other examples of different graphs give essentially the
same conclusion that the construction does represent physical
realization of singular Fulop-Tsutsui vertex.

VI. CONCLUSION AND PROSPECTS

Now that the problem of finding desired property of Flulop-
Tsutsui graph is turned into mathematical one on Hermitian
unitary matrix, the search of system with S having other in-
teresting specifications should follow. various questions would
arise along the line, such as whether it is always trS = 0
for systems with “exchange symmetric” |Sij|. Generalization
to complex S is also an interesting problem [11]. Other
open questions include the generalization to non-Fulop-Tsutsui
connection which yields general unitary S not limited to
Hermitian ones. The study of the bound state spectra is one
thing we have completely neglected in this work. Application
to non-quantum waves, including electro-magnetic wave and
water wave should be another interesting subject.

In this work, through the finite construction of star graph
with no internal lines, we have actually studied the low energy
properties of graphs with internal lines all of whose edges
are connected to external lines, which we might term depth-
one graphs. The examination of depth-two graphs and beyond
seems to be the natural future direction. Our result showing
the full solution to the inverse scattering problem is, in a sense,
a partial fulfillment of the hope that quantum graph somehow
could be a solvable model and useful design tool at the same
time.
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