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Abstract—We consider a two-player zero-sum game with ran-
dom linear chance constraints whose distributions are known to
belong to moments based uncertainty sets. We show that a Saddle
Point Equilibrium problem is equivalent to a primal-dual pair of
Second-Order Cone Programs. The game with chance constraints
can be used in various applications, e.g., risk constraints in
portfolio optimization, resource constraints in stochastic shortest
path problem, renewable energy aggregators in the local market.

Keywords—Distributionally robust chance constraints, Zero-sum
game, Saddle point equilibrium, Second-order cone program.

I. INTRODUCTION

A two-player zero-sum game is defined using a single payoff
function, where one player plays the role of maximizer and
another player plays the role of minimizer. More commonly,
a zero-sum game is introduced with a payoff matrix, where
the rows and the columns are the actions of player 1 and
player 2, respectively. A Saddle Point Equilibrium (SPE) is
the solution concept to study the zero-sum games and it exists
in the mixed strategies [1]. Dantzig and later Adler showed
the equivalence between linear programming problems and
two-player zero-sum games [2] [3]. Charnes [4] generalized
the zero-sum game considered in [1] by introducing linear
inequality constraints on the mixed strategies of both the
players and called it a constrained zero-sum game. An SPE
of a constrained zero-sum game can be obtained from the
optimal solutions of a primal-dual pair of linear programs
[4]. Singh and Lisser [5] considered a stochastic version of
constrained zero-sum game considered by Charnes [4], where
the mixed strategies of each player are restricted by random
linear inequality constraints, which are modelled using chance
constraints. When the random constraint vectors follow a
multivariate elliptically symmetric distribution, the zero-sum
game problem is equivalent to a primal-dual pair of Second-
Order Cone Programs (SOCPs) [5].

Nash equilibrium is the generalization of SPE and it is used
as a solution concept for the general-sum games [6] [7]. Under
certain conditions on payoff functions and strategy sets, there
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always exists a Nash equilibrium [8]. The general-sum games
under uncertainties are considered in the literature [9]-[13],
which capture both risk neutral and risk averse situations.

In this paper, we consider a more general two player zero-
sum game as compared to [5]. Unlike in [5], the strategy set
of each player is defined by a compact polyhedral set, which
is further restricted by some random linear inequalities and
the information on the distribution of the random constraint
vectors is not exactly known. We consider two different uncer-
tainty sets based on the partial information on the mean vectors
and covariance matrices of the random constraint vectors. We
show that, there exists an SPE of the game Z, and an SPE
problem is equivalent to a primal-dual pair of SOCPs.

The rest of the paper is organized as follows. The definition
of a distributionally robust zero-sum game is given in Section
II. Section III presents the reformulation of distributionally
robust chance constraints as second order cone constraints
under two different uncertainty sets. Section IV outlines a
primal-dual pair of SOCPs whose optimal solutions constitute
an SPE of the game.

II. THE MODEL

We consider a two player zero-sum game, where each player
has continuous strategy set. Let Ol e REvxm (02 ¢ RE2Xxn
d' € RXt and d? € R¥2. We consider X = {z € R™ |
Clz =dl,z >0}and Y = {y € R" | C?y = d?,y > 0}
as the strategy sets of player 1 and player 2, respectively.
We assume that X and Y are compact sets. Let u : X X
Y — R be a payoff function associated to the zero-sum game
and we assume that player 1 (resp. player 2) is interested in
maximizing (resp. minimizing) u(z,y) for a fixed strategy y
(resp. x) of player 2 (resp. player 1). For a given strategy pair
(z,y) € X x Y, the payoff function u(x,y) is given by

u(z,y) =2 "Gy + gz +h'y, (1)

where G € R™*" g € R™ and h € R". The first term of (1)
results from the interaction between both the players whereas
the second and third term represents the individual impact of
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player 1 and player 2 on the game, respectively. The strategy
sets are often restricted by random linear constraints, which
are modelled using chance constraints. The chance constraint
based strategy sets appear in many practical problems, e.g.,
risk constraints in portfolio optimization [14]. In this paper,
we consider the case, where the strategies of player 1 satisfy
the following random linear constraints,

(ap)Tz <bl, k=1,2,...,p, )

whilst the strategies of player 2 satisfy the following random
linear constraints

(a})Ty =07, 1=1,2,...,q. 3)

Let Z; = {1,2,...,p} and Zo = {1,2,...,q} be the index
sets for the constraints of player 1 and player 2, respectively.
For each k € Z; and | € Z», the vectors aj and a? are
random vectors defined on a probability space (2, F,P). We
consider the case, where the only information we have about
the distributions of a}. and a? is that they belong to some
uncertainty sets Dj and D7, respectively. The uncertainty sets
D;. and D7, are constructed based on the partially available
information on the distributions of a} and a?, respectively.
Using the worst case approach, the random linear constraints
(2) and (3) can be formulated as distributionally robust chance

constraints given by

Flllelfplﬂp(( Dz <by) >ay, Ve, 4)

and
PP (ma)Ty < =bf) > af, VIeT;, (5
where ol and o are the confidence levels of player 1 and

player 2 for kth and Ith constraints, respectively. Therefore,
for a given a! = (af)kez, and o = (a?)iez,, the feasible
strategy sets of player 1 and player 2 are given by

St :{x€X| inf P{(a})"x < b}} > af, VkeL},

FleD}
(6)
and

522:{y€Y| inf P{(—a 2Ty < b2}>al,VZEIQ}

(N

We call the zero-sum game with the strategy set Sil for player

1 and the strategy set S§2 for player 2 as a distributionally

robust zero-sum game. We denote this game by Z,,. A strategy

pair (z*,y*) € S, x 52, is called an SPE of the game Z,
at a = (al,a?) € 10,17 x [0,1]9, if

u(z,y*) < ulx*,y*) <ulz*y), Vaec S,

III. REFORMULATION OF DISTRIBUTIONALLY ROBUST
CHANCE CONSTRAINTS

Yy € Siz.

We consider two different uncertainty sets based on the
partial information about the mean vectors and covariance
matrices of the random constraint vectors a};, i = 1,2,
k € Z,. For each uncertainty set, distributionally robust chance

Copyright (c) IARIA, 2022. ISBN: 978-1-61208-957-7

constraints (4) and (5) are reformulated as second-order cone
constraints.

A. Moments Based Uncertainty Sets

For each player ¢, ¢ = 1,2, we consider the case,
where the mean vector and covariance matrix of the ran-
dom vector ai for all k € Z; are known to be-
long to polytopes U, i and _UE?;’_ respectiyely. We consider
polytopes Ui = Conv(py,y, iy, - Hypy) and Usi =
C’(mv(Ekl,Ekz,.. s Xhar)s Where X5 - 0, 5 = 1,2,... M;
Conv denotes the convex hull and 2}6 ; > 0 implies that Z
is a positive definite matrix. For each 7 = 1,2, and k£ € L,
the uncertainty set for the distribution of af, is defined by

EF,@ [a;c] € UM}V } (8)

ilay] € Usi

where EF}i and C’OVF]i are expectation and covariance op-
erator under probability distribution F}, respectively. The
uncertainty set (8) is considered in [15]. As for the second
uncertainty set, we consider the case, where the mean vector
of aj, lies in an ellipsoid of size v}, > 0 centered at yj, and
the covariance matrix of aj, lies in a positive semidefinite cone
defined with a linear matrix inequality. It is defined by

, NT 1
(Brslail - 1) (=)
Di(pi, vy ={ Fi X(EF;;[@Z]—M%;)S%L )

DI (s 3L) = {F

COVgslaj] = 7255

where 3¢ > 0 and ~i, > 0; for the given matrices B; and
Bs, B1 <X By implies that By — Bj is a positive semidefinite
matrix. The uncertainty set (9) is considered in [16].

B. Second-order cone constraint reformulation

We show that the distributionally robust chance constraints
(4) and (5) are equivalent to second-order cone constraints for
the uncertainty sets defined by (8) and (9).

Lemma IIl.1. For each i = 1,2, and k € 1I;, let the
distribution F,z of random vector a}'c, lies in uncertainty set
D,iC (,u};, E}C) defined by (8). Then, the constraints (4) and (5)
are equivalent to (10) and (11), respectively, given by

1
uk] 1‘+ “ H Ek] 2 ‘<bka
Vj_1,2,...,M,k:eIl, (10)
1
— (i) "y + IIE )2yl| < —b7,
V=12, MkeIg (11)

Proof. Based on the structure of uncertainty set (8), (4) can
be written as

inf inf  P{(a})"2z <b;} > ay,

(m,Z)eU;, FleD(p,X)
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where
D, %) = { Fi [Ersla}] = 1, COVipla}] = 2},
and
ut ={(wx) [nev,,cevy }.

The bound of one-sided Chebyshev inequality can be achieved
by a two-point distribution given by equation (2) of [17].
Therefore, we have

1- %7
1+
inf P{(ai)T:r < bi} —Qif pTa <0,

FleD(u,%)
0, otherwise.
For the case u”z > b},

inf  Plajz <bil =0
FleD(p,s) {age < by} ’
which makes constraint (4) infeasible for any a; > O.
Therefore, for z € S3 the condition 'z < b}, always holds
and the constraint (4) is equivalent to
1
> og,lw

inf 1-—
%) 1+ (WTz — b)?/(eT%x) =

(w,2)eu;

which can be reformulated as

1
/ % . (12)

max VaTXz 1—a

S Zi

The above inequality (12) can be reformulated as (10). Simi-
larly, we can show that (5) is equivalent to (11). ] ]

Lemma IIL.2. For each i = 1,2, and k € Z;, let the
distribution F,; of random vector a};., lies in the uncertainty
set Dy (i, 3%) defined by (9). Then, the constraints (4) and
(5) are equivalent to (13) and (14), respectively, given by

[ ol 1
()T + ( 1 fka,lc \/’71%2 +/ 71%1) H(Ellc) ’ xH < by,

V ke, (13)
a? 1

—0&Fy+<dl_2idﬁf+wﬁ0H@ﬁVyHS—%,

V k€. (14)

Proof. Based on the structure of the uncertainty set (9), the
constraint (4) can be written as

inf inf

Plajz <b.} > ap
(D)€l F€D(p.X) { j 7

where

D(,%) = { F} [Erylak] = 1, COVipla}] = = |
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and

L?;:{(M,z)’ (e —pb) " (S0 (1 —pb) <Ay }

= 71%2211c-

Using the similar arguments as in the Lemma III.1, the
constraint (4) is equivalent to

@) [ ol 05
@2($) - 1 A'Qk’
where
min —p’'z
vl(x):: 12

st (p—up) (5D (n—ph) <k

max zlYx
va(x) =4 =
s.t. 2 < 7}%2211«

(16)

Let 5 > 0 be a Lagrange multiplier associated with the
constraint of optimization problem (16). By applying the
KKT conditions, the optimal solution of (16) is given by
1 1
=i+ % and the associated Lagrange multiplier is
zTSx
475,
value v1(7) = —(up)Te — /7], /2TE L. Since, ul'Su <
uTv,bE}gu for any u € R", then, ve(xz) = 'y,izmTE}cm.
Therefore, using (15), (4) is equivalent to (13). Similarly, we
can show that (5) is equivalent to (14). O O

given by =

. Therefore, the corresponding optimal

The reformulation of feasible strategy sets (6) and (7) for
uncertainty sets (8) and (9) can be written as

St = {w € X | (ub)) 2 + oy ll(Sh)) Fall <L,

Vj:l,Q,...,M,k:eL}, (17)
and
8% = {y e Y | ~(u}) Ty + ropll () ull < 07,
Vj:172,...7M7leIz.}. (18)

% (17) and (18)

PN )
1—ag

For each i = 1,2, k € 7, if Koi =

represent the reformulations of (6) and (7) under uncertainty
set defined by (8), respectively. For each i = 1,2, k € Z;, if

Kot = (, /1%2\/%@2 + m), and M = 1, (17) and (18)
represent the reformulations of (6) and (7) under uncertainty
set defined by (9), respectively.

We assume that the strategy sets (17) and (18) satisfy the
strict feasibility condition given by Assumption III.3.

Assumption IIL3. 1) There exists an © € Sél such that
the inequality constraints of Sél defined by (17) are
strictly satisfied.

2) There exists an y € Sig such that the inequality
constraints of SZQ defined by (18) are strictly satisfied.
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The conditions given in Assumption III.3 are Slater’s con-
dition, which are sufficient for strong duality in a convex
optimization problem. We use these conditions in order to
derive equivalent SOCPs for the zero-sum game Z,.

IV. EXISTENCE AND CHARACTERIZATION OF SADDLE
POINT EQUILIBRIUM

In this section, we show that there exists an SPE of the
game Z,, if the distributions of the random constraint vectors
of both the players belong to the uncertainty sets defined in
Section III-A. We further propose a primal-dual pair of SOCPs
whose optimal solutions constitute an SPE of the game Z,.

Theorem IV.1. Consider the game Z, where the distributions
of the random constraint vectors a};, ke, i=1,2 belong
to the uncertainty sets described in Section III-A. Then, there
exists an SPE of the game for all o € (0,1)P x (0,1)9.

Proof. Let a € (0,1)? x (0, 1)?. For uncertainty sets described
in Section III-A, it follows from Lemma III.1 and Lemma
1.2 that the strategy sets S®, and S2, are given by (17)
and (18), respectively. It is easy to see that S, and S2, are
convex and compact sets. The function u(z,y) is a bilinear
and continuous function. Hence, there exists an SPE from the
minimax theorem [1]. O

A. Equivalent Primal-Dual Pair of Second-Order Cone Pro-
grams

From the minimax theorem [1], (x*
game Z,, if and only if

,y*) is an SPE for the

x* € argmax min u(x,y), (19)
zeS!, VEST,
y* € arg min max u(z,y). (20)

Uesi ZEES

y). The inner
can be equivalently

We start with problem min, ¢ 52, MaAXgegt u(z,

optimization problem max,c st u(z,y)

written as

max eTGy+ gz +hTy

a:,kJ
s.t.
. T, 1 1 1
(@) =2 i g = sy [t + 0k = 0,
Vi=1,2....M, ke,
1
(ii) ty; — (Shy) 22 =0,V j=12....M, ke,

(iii) Clz =d', 2, >0, Vr=1,2,...,m (21)

M
Let Al = ()\1 ) or € RMP, 51 € R™ for all k € T,
j=1,ke€
j=1,2.. '

.M, and v' € RX1 be the Lagrange multipliers of
constraints (i), (47), and equality constraints given in (4i7) of
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(21), respectively. Then, the Lagrangian dual problem of the
SOCP (21) can be written as

min
A1>0, &)

+ Z {/\ilw‘( — " g5 — Ko

max
5 vl x>0, tkd.

{xTGy + g7z +nTy

Itk s+ B)

ke, j=1
1

+ 6L (1, - (5L 0)] + 07 @ - ')
= min {max T (Gy

A1 >0, 51 vl L az>0

1

XY Oy (51)F8L) - (€70 )

keI, j=1

M

£ 3ma (61,)71h L e ) + 4

M
DR ZA}Cdb}c].

keI, j=1

The inner maximization problems in the above Lagrangian
dual problem will be unbounded unless we have the following
dual constraints

1

Gy — Z Z )\k]MkJ Ekj)z 511»]’)
keI, j=1

—(CeHT +g <0,

104,511 < KarAp sV k€T, j=1,2..., M.

Under Assumption III.3, the Lagrangian dual problem of
(21) has zero duality gap [18]. Therefore, the problem
minge g2, Max,egqr u(r,y) is equivalent to the following

SOCP
1H1111’1 ) Ry + (whTd + ZZ)\,”bk
Y Ok Ak kET; j=1
S.t.
M .
) Gy = D > (Msmi, + (Shy)” 0ky)
keZ; j=1
—(@HT +g <0,
(i) — (i) "y + o ||(53) 2yl < 07,
Vi=1,2...,M e,

(Z”) ||6k]|| < ’kaa1>‘kj7 )‘Ilc,j > 07
VkeT, j=1,2...,M,

(iv) C?y =d?, ys >0, Vs=1,2,...,n (22)

10
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Similarly, problem max,cg1 mingegz u(z,y) is equivalent
to the following SOCP ; :

M
gle+ (1/2)Td2 + Z Z )‘l27jbl2

max
z, v2, 67 1, A7 leZ; j=1
M N
s.t. (i) GTw — Z Z (ATt + (B2;)° o)

leZy j=1
—(CHTv?+h >0,
(i1) (k) @ + Ko [1(Shy) 22l < b,
Vi=12...,M, ke,
(i) 107,11 < ka2 Ay AD; 20,V 1€Ty, j=1,2,... M
(iv) Cle =d', =, >0, Vr=1,2,... (23)

, M.

It follows from the duality theory of SOCPs that (22) and (23)
form a primal-dual pair [18].

Remark IV.2. For each i = 1,2, and k € I;, if Koi =
1—a}’

SOCPs for the uncertainty sets defined by (8). For each

i =1,2, andkEL,ifﬁai = \/%V’Y}ig"‘ '71@1)

and M =1, (22) and (23) represent the primal-dual pair of
SOCPs for the uncertainty set defined by (9).

(22) and (23) represent the primal-dual pair of

Next, we show that the equivalence between the optimal
solutions of (22)-(23) and an SPE of the game Z,.

Theorem IV.3. Consider the zero-sum game 7., where the
feasible strategy sets of player I and player 2 are given by
(17) and (18), respectively. Let Assumption II1.3 holds. Then,
for a given o € (0,1) x (0,1)9, (z*,y*) is an SPE of
the game Z, if and only if there exists (v1*, (5,%2)167]4,)\1*)
and (v**, (63;)l,j, A2*) such that (y*,v'*, (6%Tj)k,j? ) and
(2%, 12, (53;);7% A\2*) are optimal solutions of (22) and (23),
respectively.

Proof. Let (z*,y*) be an SPE of the game Z,,. Then, z* and
y* are the solutions of (19) and (20), respectively. Therefore,
there exists (v, (037)k.j, A™) and (1>, (07%)1,5, A**) such

that (y*, v, (037 )k.j, A') and (2, %%, (67%)1,5, A**) are op-
timal solutions of (22) and (23) respectively.

Let (y*, v, (047 k5, A™) and (2%, 0%, (67%)1,5, A**) be
optimal solutions of (22) and (23), respectively. Under As-
sumption II1.3, (22) and (23) are strictly feasible. Therefore,
strong duality holds for primal-dual pair (22)-(23). Then, we

have

M
ng* + (V2*)Td2 + Z Z)‘l%;b% — hTy*

1€y j=1

M
+ )T+ DY NbE

ke, j=1

(24)
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Consider the constraint (i) of (22) at optimal solution
(y*, v, (64%)k.j, A'*) and multiply it by z”, where = € Sy .
Then, by using Cauchy-Schwartz inequality, we have

TGy + gl e+ hTy* <hTy* + () Td!

M
+ 3D A, Yo e S,

(25)
keI, j=1
Similarly, we have
TGy +gla* + Ty > g"a”
M
+ )Y D A, Yy eSk,. (26

ey j=1

Take x = z* and y = y* in (25) and (26), then from (24), we
get

M
u(aj*,y*) _ hTy* + (yl*)le + Z Z/\llcfjbllc

kel j=1
M
=g"a" + () d + DD A 27)
l€Zy j=1
It follows from (25), (26), and (27) that («*,y*) is an SPE of
the game Z,,. O O

V. CONCLUSION

We show the existence of a mixed strategy SPE for a two-
player distributionally robust zero-sum chance-constrained
game under three different uncertainty sets based on first two
moments. Under Slater’s condition, the Saddle Point Equilibria
of the game can be obtained from the optimal solutions of a
primal-dual pair of SOCPs. The Saddle Point Equilibria of
zero-sum games can be computed efficiently because SOCPs
are polynomial time solvable. The uncertainty sets considered
in the paper have positive semidefinite cone structure, which
leads to the reformulation of distributionally robust chance
constraints as second order cone constraints. Moreover, these
reformulations play a major role in deriving the equivalent
primal-dual pair of SOCPs. The tractable reformulation of the
zero-sum game problem with different payoff structure, as well
as the uncertainty sets other than the ones considered in the
paper could be an interesting area for the future research.
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