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Abstract—In OFDM systems, in-phase and quadrature (1/Q)
imbalances generated in the analog front-end introduce irdr-
channel interference and, consequently, error performane degra-
dation. This paper provides an exact expression involvingte two-
dimensional (2-D) Gaussian Q-function for the error probalility
of an arbitrary 2-D modulated OFDM signal with 1/Q imbalance s
in frequency-flat Rayleigh fading channel. Transmitter Channel Receiver

Index Terms—I/Q imbalance, Probability of error, Inter-
channel interference Fig. 1. OFDM transmitter and receiver with 1/Q imbalances.

I. INTRODUCTION

In-phase and quadrature (I/Q) amplitude and phase ifake place in the receiver side. As shown in Fig. 1, the OFDM
balances are inevitably caused by signal processing in §pgnsmitter undergoes an ideal complex up-conversiorthiaut

analog components such as 1/Q mixers, phase shifterssfiltggceived signals are affected by 1/Q imbalances in the gnalo
and analog/digital converters within 1/Q branches. In thggnt-end of the receiver.

implementation of a modern wireless communication SyStem’Assume thaDy, € t_s — [t_s1 t_s t_sa] is the com-
l/Q imbalances act as one of the main impairments degradigd "2\ mogulate_d by an ;rb_itr;rmz-b ]I\\jl-ar modulator
system performance. Particularly in the orthogonal freqye P y y y y '

o ! L . and is transmitted on subcarriein the OFDM system, where
division multiplexing (OFDM) schemes adapted in a number s is a set of M signal points transmitted through the OFDM
of wireless communication systems such as DAB, DVB-1,

WLAN (802.11 alg/n), WPAN (802.15.3a), WMAN (802.16>YStem- Then/,, can be defined as

a/d/e), and MBWA (802.20), I/Q imbalances introduce inter-
channel interference (ICl) and nonlinearly distort thedi@sd D, =(; x/ Ese?Vi5k=0,1,..., Ny — Li=1,2,.. M (1)
signals [1], [2]. The effects of I/Q imbalances on OFDM sys-

tem performance have been analyzed by computer simulations

and several compensation techniques have been reporte(‘ivri}‘?_rewia’? and <i,1?\/Es are Fhe phase and the amF?“tUde of
many places in the literature [3]-[6]. the i-th signal point transmitted on subcarrier E, is the

In general, for a single-carrier system, I/Q imbalancesién t 2V€rage symbol energy; ;. is a scale factor which varies

receiver lead to a correlation between 1/Q branches, and tHh the position of the signal point, aml; is the number of
correlation is revealed as the variations of the receivgdagi subcarriers.

points and the noise distribution on the constellation [8], ~ The ideally up-converted transmitted signal at the tratismi
For a single-carrier system, a method was recently providt&d is formally given by

to exactly analyze the effect of 1/Q imbalances generated in

the analog front-end of the receiver on the error perforrmanc 1 omfat L jonft

[9]. In this paper, we derive an exact expression for thererro S t) = N (s (t) 7™ 4 57 () e 727 Ie") )
probability of an arbitrary 2-D modulated signal with I/Q °

imbalances in an OFDM system over frequency-flat Rayleigh N1

fad_ln.g channel. Through a computer S|mulat|on, we ver!fy ”\Nheres(t) _ Z Dyed?™#/T: is a baseband OFDM signal
validity of the result obtained from the derived expression -

k=0
ands*(t) denotes the complex conjugate ).
Il. SysTEM MODEL After the received bandpass signalt) = s(t) + n(¢) , is

Fig. 1 shows a typical OFDM transceiver where we assumggwn-converted by mixing with:47relanced(¢), the baseband
for simplicity of analysis, I/Q amplitude and phase imbakes signal, z(¢), distorted by I/Q imbalances in time domain, is
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expressed as I/Q axes, expressible as
Sk_1
Zt)=Zr(t)+75Zzq (¢t i
=21 (®) ]*Q() 5 = ST (o cos (i, — &) + Beos (i + )
= Kis(t) + Kas™ (1) + /£ @) 4 S aci VB (0 cos (. o — 8
. . 2 m, Ns— 2
(fOT Kon (t) ei2nfet gt + foT Kin (t) e—,727rfctdt) — [ cos (’L/Jm7 No.—k + A'OTR))
= K15 (t) + Kos* (t) +nr + jng Sk_Q - (8)
= St (asin (i, — ) + Bsin (Y k + 5°))
L@ L@ . Cnl, s— \/E o
where K| = (ae 92" + e/ 2)/2 and Ky = (aei ™2 — L (—O‘bln.(ﬂ’m,Nrk - %ZL
Be~i%*)/2 are imbalance coefficients. In (4)(t) is an  ABsin (U Nk + 5E))
additive Gaussian noise with zero mean and variance?of i=m=12.,M

Zipa:r;g;zgdz;rse noise components on I/Q branches, and Canvt\)/ﬁere Yono—i @Nd Gy, _1/E5 are the phase and the

amplitude of them-th signal point on subcarrigfN; — k),

respectively. Note that the second termsSf ; and S;,_q

ny = \/LT_O‘ foTn(t) V2 cos (27cht+ “"Q—R) dt 4 induce the ICI, that is, the complex symbol transmitted on
_ 15T » subcarrier (N, — k) interferes with the complex symbol

ng = —— n(t) (—v2sin (27 f.t — 22)) dt s )

@ =yl n®( (2 7)) transmitted on subcarrier k.

wherea and 3 are the amplitude gains on the I/Q branches, |||, ExacT ERRORPROBABILITY EXPRESSION FOR AN
which represent the amplitude imbalances, ang is the  ArgITRARY 2-D MODULATED OFDM SIGNAL WITH 1/Q
deviation from the perfect phase quadrature, which repisse IMBALANCES

the phase imbalance. We assume the conditiow’ef 3% = 2 _ . _

to leave the signal power unchanged, and define gain ratio, In this section, we derive the exact SER/BER expres-

and amplitude imbalance, as follows [10]: sions for an arbitrary 2-D modulated OFDM signal with I/Q

imbalances in AWGN, frequency flat Rayleigh fading, and

frequency selective Rayleigh fading channels, respdgtive
Yy=a/f, e=v-1 ®)

A. AWGN Channel
Note thatn; andng have joint Gaussian distribution with zero Fig. 2 shows the geometry of the correct decision region

mean,E[n7] = 0‘20?’ E[ng) = #0?, andE[ning] = pigo?, R,, for the received signat;,_s;, when the signal transmitted
where pig = afisinpr denotes the correlation coefficienty, gypcarrier: is t_s,. This geometry acts as a basic shape
between 1/Q axes. for the evaluation of exact error probability for I/Q unbatad

A noise distribution has an elliptical shape before FFEase [9]. As shown in Fig. 2, the distortion due to ICI which
which means that noise components on the I/Q axes aiifses from 1/Q imbalances results in a shift of the received
correlated. After FFT, the complex symh@j, passed through signal point on the constellation. In Fig. 8;|t_s; denotes

the FFT block, can be expressed as the transmitted signal on subcarrieinterfered by the signal
t_s; transmitted on subcarriéN,—k) . 1/Q noise components
Zi = FFT K15 (t) + Kas* (t) + n1 + jng)] (Nk_1, Ni_¢) added to the transmitted signal also change the
= K\Dy, + K>D% _, + Nr_p + jNg_y, (6) Position of the received signal points, s;, i =1, 2, ..., M.
k=0,1,.., N,—1 To obtain the conditional probability,{r_s1 € Rs,|S: =

t_s; } that the signal point_s; received through subcarrier k

h d h . f subcarri falls into a shaded regioR,, = X; C X, , which represents
where/y_r and[N,_q are the noise components of su camshe correct region fot_s; in Fig. 2, we use the coordinate

lzsec;g lr;(?e:;?[(]:\rf],fe S;’] lhg?;}ga\;e] JZIr;g?:ﬁj%?;gf}{;f_ug]oinWltrotation and shifting technique well explained in [9] adduls:
0. Note that noise components on the 1/Q axes beconfe X; cosf;  sind, I ,

uncorrelated after FFT. From (6), we also note thay, g FT Y; +d, } = [ } { 0 } , J=1,2 (9
causes ICI taDy, [5].

Substituting (1)K, and K> into (6), we can obtain whered;, j =1, 2 are the distances from _the origin to the
X, j = 1, 2 axes which denote the decision boundariés;
and @ have joint Gaussian distribution witk[I] = Sy,
E[Q] = Sk_q, Var[l] = Var|Q] = 02, andCOV[I Q] = 0.
After rotational transformation (9); andY> which are axes
newly made by the coordinate rotations witl#; andéd; from
whereS;,_r andS;_¢ are the received signal components o axis have joint Gaussian probability density functionfjpd

—sinf; cosb;

Zy =Sk 1+35 @+ Ni_1r+ 3Nk o, )
k=01, ..., No—1
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& _Q expression for the signal point with the polygonal decision
2 7y region can be obtained by using the probability of (12).
Te o oL : - : -
s \\ A K When a signal point_s; that has a closed region case with
° 7 . u-sided polygonal shape is transmitted, the SER for the kigna
q N o point is derived as
N 2L
"\X Pscer_t,sl
\ 1 M
< ,11‘5 ’ =3I mz_:l [(1—Pk {Tfsl ERiLS? |St :tfsi})P {t,S‘fH
o) _ 1 EY1] E[Ys] .
=1 1—
/ v H (Q (Wur[m’ Vvarmal P ”2) (13)
E[Y1] ElYy] .
7z, + ’ i
) < Decision Boundaries X\‘zf‘ Q \/VGT[Yl] \/VG‘T[Y4] le Ya
o St points wilh 10 imbatncs (B E[Yi] ¢
] :.Signzlzimswiﬂllloimbzhnm+AWGN _Z;Q \/Var[Yi,V \/varmﬂ];_pyiyiﬂ P{tfsl} .

Fig. 2. Decision region and boundaries for ternary signantso And, when a signal point_s; that has a open region case
with v-sided polygonal shape is transmitted, the SER for the
signal point is derived as

(1,92, pviy,) With po
ser_t_s1

E[Y;] = Sk _qgcosb; — Sy _rsinb; —d;, j=1,2 LM . .

Var (V] = o2 o) = 2 [I-Pelr—si€Re ]S =1-s7}) P{t-s7]

PyiY, = cos (6h — 62) 1 M E[Y4] E[Y2] . (14)

. . . . M Z 1= Q \/Vu,r[Y]’ \/V(Z?”[Y],pyly2
whereVar[Y;] is the variance ot;; py,v, is the correlation i ! 2
coefficient betweert; and Y». B Y] =i L) N L SN )}P{tS‘f}] :
Consequently, the conditional probability,{r_s; € 2 \VVarlvi]” VarlYia] "
Ry s,|S; =t_s1} in Fig. 2 can be obtained as Finally, the average SER of an arbitrary 2-D modulated
OFDM signal with 1/Q imbalances ork-th subcarrier is
P {Tgsl eoRt’sl|St =t-s1}=P {11 <0,¥; <0} obtained gs °
= [Zoo Jo oo £ (1,92, pyiva)dyadiyn o
__EM]_ ___E[Yy 1 P
_ Var(yi] Var(va] [277 1— 2 } _ Ur. M o . .
ST 2y s, a1y =Xk S 0-Pfrsterisi—tshPisd| g
exp [_1 <u2m+w+v>} dvdu Ay
? Py, +> {ﬁ > [(I—Pk {T,sf eRg, |St—ts§’})P{tsf}]}
EY; EY- =1 m=1
o (A ).
VVaral’ \/Varlyz] 70 whereU is the number of signal points with the closed correct

Finally, since the baseband signal transmitted on subckgdion,V' is the number of signal points with the open correct

rier (N, — k) , which causes ICI to the signal transmitted®gion, andM =U + V. _ .

on subcarrierk in the receiver, is one of thé/ signals, _ OPtaining the exact BER expression for an arbitrary 2-

t_s;, i = 1,2, .., M, the average SER for a signal poin® modulated OFDM signal with 1/Q imbalances dnth

t_s, transmitted on subcarrier k can be written as subcarrier is very tedious work, but exact BER performance
is obtained by using the result of [14] in the form

ey P =i 3 5 | & S Hodbos, ts)
:A—bmz::l [(1—Pk{7"781GRt751|St:t781})P{t751}} (12) k7 logy M = Z;ll M — - =51, 1-Sh (16)
M
_ 1 _ E[Y1] E[Ya] . Pr{r_s; € Ry, |S; =t_s;}-P{t_s
Mn; Kl Q(x/var[m’\/var[Yz]’pYIY2>) P{t51}] { i R

wheret_s;, i = 1,2, ..., M are the transmitted symbol,

where P{t_s1} is a priori probability for the transmitted Rs, represents the decision region for the symbok;, ,
signal point, andm denotes an index of the signal pointandH_d(t_s;, t_s;) denotes the Hamming distance between
transmitted on subcarri€iV, — k) which causes interference,:_s; andt_s, .
as in (8). ) _

In general, the decision region of a transmitted signal poiR- Frequency-Flat Rayleigh Fading Channel
is a polygon that may be either closed or open [12], and theTo obtain the exact error probability for the arbitrary 2-
decision region can be expressed as a linear combinationDoimodulated OFDM system in frequency-flat Rayleigh fad-
the basic shapes [9], [13]. Therefore, an exact error piiityab ing channel, we first should derive a closed-form solution
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of [i°Q (A1, DayA; —p) - fy (v)dy where f(v) = 10* S :
exp(—v/%)/7, v = 0. In the 2D Gaussian Q-function, o R et
Q(z, y; p), of (15) and (16), the range of and y is - O ¢ =5, r=12;1Qimbalances
—o0 < z,y < oo. Therefore, rewriting the 2-D Gaussian N —
Q-function by using the Crag representation [15] and itsralt N
native expression [16]f,° Q (A17, Ao —p) - fyr (M dy 2w B 8
is expressed as E \\%\5& A
@ %
57 Q (A1, A7 —p) fy () dy A w—
= —sgn s (A1) + sgn (A As)] — Lsgn (A) : NN
* Zngn (D) 5= OWI fooo €xp (_%)fv (v) dvd®, (7 B o BER o ’u\i\iER
—o<A;j<oocand 0<w; <7 g N
N R
where  w; = /2  + sin'((pA; - \i\“\v\& %w\g\
Ag )/A/( A2—2pA A2+A ) ; w2 = 7/2 +sinH((pAg — g :
A1)/ (A2 —2pA1A5 +A2Z)).  And  then, applying 0, . i L L L )
the moment generating function (MGF) ofy, i.e Ey/N, [4B]

M,(s) = (1 —#s)7%, to (17), we can straightforwardly
obtain the following closed-form expression from [17, eq. Fig. 3. SER and BER for (4+12)-APSK-based-OFDM system.
(5A.24)] as follows:

Iy @ A1y, Doy —p) - £ (7)
= —sgn [Sgn (A )+sgn (A A2)]

+3 ;Sgnmi) (2 — 28 (5 +

ACKNOWLEDGMENT

dry
1
28 ( ) (18) This research was supported by NSL program through
+ tan z)] the Korea Science and Engineering Foundation funded by
the Ministry of Education, Science and Technology (2010-
whereg; = +/c;/1+cisgnw;, a; =—03; cotw;, ande; = A?7. 0015083).
Finally, applying the result of (18) to (15) and (16), the
exact symbol and bit error probabilities for an arbitrary 2-
D modulation based OFDM system with 1/Q imbalances ové# C. L. Liu, "Impacts of I/Q imbalance on QPSK-OFDM-QAM aettion,”

|EEE Trans. Consumer Electron., vol. 44, no. 3, 984-989, Aug. 1998.
frequency-flat Rayleigh fading channel can be derived itexg, g hois A Schuchert. and R Hasholz?wper oo tonor Q

REFERENCES

closed-form expressions. imbalance on multicarrier-modulation systems,”Rroc. |IEEE ICCDCS
2000, Cancun, Mar. 2000.
IV. NUMERICAL RESULTS AND CONCLUSIONS [3] M. Valkama, M. Renfors, and V. Koivunen, "Advanced metsdor 1/Q

) ) ) ) ) ~ imbalance compensation in communication receivéEEE Trans. Signal
The 2-D modulation format considered in this section is Process, vol. 49, no. 10, pp. 2335-2344, Oct. 2001.

(4+12)-APSK which have been adopted as standard méﬂ_A. Schuchert, R. Hasholzner, and P. Antoine, "A novel IQbalance
. ; compensation scheme for the reception of OFDM signaZE Trans.
ulation techniques for the DVB-S2 system and space data consumer Electron., vol. 47, no. 3, pp. 313-318, Aug. 2001.

system [18], [19] for their robust performance in nonlinedp] A. Tarighat, R. Bagheri, and A. H. Sayed, "Compensatichemnes and

high power amplifiers (HPA). Because the SIR for the prattica gzrrf]gj"gfggg”jg’Si;sOfn'S ié"t;ér‘)'aggg_igz(ggDX'u;ecz‘%‘@EEE Trans.
imbalance values is in the order of 20-30dB [11], we cOnsidgj A “Tarighat and A. H. Sayed, "MIMO OFDM receivers for sgsts with

the imbalance values gfp = 3°, v = 1.1 (SIR =~ 25dB) IQ imbalances,”IEEE Trans. Sgnal Process., vol. 53, no. 9, pp. 3583-
andpp = 5° v = 1.2 (SIR ~ 20dB) in this paper. Fig. _ 359 Sept. 2005.

7] M. K. Simon and D. Divsalar, "Some new twists to problemsdlving
3 shows the SER and BER curves for (4+12)'APSK bas[eéi the Gaussian probability integral EEE Trans. Commun., vol. 46, no. 2,

OFDM system over frequency-flat Rayleigh fading channel. pp. 200-210, Feb. 1998.

From the flgure we can see excellent matches between leS. Park and D. Yoon, "An alternative expression for thenbypl error
results obtained from our exact expressions and computerp probability of MPSK in the presence of /Q unbalancéfEE Trans
p PUTET commun., vol. 52, issue 12, pp. 2079-2081, Dec. 2004.

simulations. We can also verify that the gap of error rate] J. Lee, D. Yoon, and K. Hyun, "Exact and general exprassiw the error

increases as the effect of 1/Q imbalances becomes greater. probability of arbitrary two-dimensional signaling wittQ amplitude and
. . phase unbalancedEICE Trans. Commun., vol. E89-B, no.12, pp. 3356-
In this paper, we have provided an exact closed-form 3355 pec. 2006.

expression involving the 2-D Gaussian Q-function for thr@er [10] J. K. Cavers and M. W. Liao, "Adaptive compensation fobalance and

probabilities of an arbitrary 2-D modulated OFDM signalfwit offset losses in direct conversion transceivet&EEE Trans. \eh. Technal .,
. . . . vol. 42, no. 4, pp. 581-588, Nov. 1993.
I/Q imbalances in frequency-flat Rayleigh fading channet| a [11] M. Valkama, M. Renfors, and V. Koivunen, "Blind signastemation in

analyzed the effect of 1/Q imbalances on error performance. conjugate signal models with application to I/Q imbalanompensation,’
The result can be readily applied to numerical evaluation fo _EEE Sgnal Process. Lett., vol. 12, no. 11, pp. 733-736, Nov. 2005.

. f ical i . Vi baland | ] L. Xiao and X. Dong, "The exact transition probabilityné bit error
various .casgs of practical interest involving unbalan €l probability of two-dimensional signaling/EEE Trans. Wireless Com-
modulation in OFDM systems. mun., vol. 4, no. 5, pp. 2600-2609, Sept. 2005.

Copyright (c) IARIA, 2011 ISBN:978-1-61208-113-7 374



ICN 2011 : The Tenth International Conference on Networks

[13] L. Szczecinski, S. A?ssa, C. Gonzalez, and M. Bacic atExevaluation
of bit- and symbol-error rates for arbitrary 2-D modulatiand nonuni-
form signaling in AWGN channel,IEEE Trans. Commun., vol. 54, no.
6, pp. 1049-1056, June 2006.

[14] J. Lassing, E. G. Strom, E. Agrell, and T. Ottosson, "@aiation of the
exact bit-error rate of coherent M-ary PSK with Gray codenhépping,”
IEEE Trans. Commun., vol. 51, no. 11, pp. 1758-1760, Nov. 2003.

[15] M. K. Simon, "A simpler form of the Craig representatifor the two-
dimensional joint Gaussian Q-functiodZEE Commun. Lett., vol. 6, no.
2, pp. 49-51, Feb. 2002.

[16] S. Park and U J. Choi, "A generic Craig form for the twonginsional

Gaussian Q-function,ETRI Journal, vol. 29, no. 4, pp. 516-517, Aug.

2007.

[17] M. K. Simon and M. S. Alouini,Digital Communication over Fading
Channels, 2nd ed, Wiley, 2005.

[18] "Digital Video Broadcasting; Second Generation FragiStructure,
Channel Coding and Modulation Systems for Broadcastintgrditive
Services, News Gathering and Other Broadband Satellitdidgtions,”
ETSI EN 302 307 v1.1.1.

[19] "Flexible serially concatenated convolutional turltodes with near-
Shannon bound performance for telemetry applicationsseBeh and
Development for Space Data System Standards, Experim8ptadifica-
tion CCSDS 131.2-O-1.

Copyright (c) IARIA, 2011 ISBN:978-1-61208-113-7

375



