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Abstract—This paper aims to show that SQL queries can
be used to solve a well-known combinatorial optimization
problem, the Maximum Clique Problem (MAXCLIQUE). This
problem arises in many real world applications as computer
vision and pattern recognition or coding theory to mention
some of them. A clique of a graph is a complete subgraph,
i.e., a graph where every pair of vertices is an edge. The
MAXCLIQUE problem searches for the clique of the largest
cardinality in a graph (the one with the greatest number of
nodes). We propose a model based on SQL queries to solve this
problem. We test our models in 62 random instances. Results
show that the use of simple queries can yield solutions for #
MAXCLIQUE problem in an easy and accessible form.
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I. INTRODUCTION
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like C [10], [11]. In this paper we propose two models to
solve this problem using a well known non-procedural data
access sublanguage, the Structured Query Language (SQL)
[12]. SQL is easy to use and allows the users to express the
desired results of a query in a high-level data sublanguage.
To the best of our knowledge, there is no reported
approach that uses SQL queries to solve MAXCLIQUE
instances. Moreover, we found no approach that solves
any combinatorial optimization problem using SQL queries.
The simplicity of the SQL language and the availability
of database manager systems that allow the use of SQL
motivate us to design a new approach that, based on SQL
queries, could solve instances of the MAXCLIQUE problem.
Basically, we present a query model which can be used to

Combinatorial optimization is a branch of applied mathe-determine if a given graph has a clique of sizer smaller.
matics and computer science that is used to solve problemghe model was tested in a set of random generated instances.

like circuit design [1], scheduling [2], software testing

The rest of the paper is organized as follows: section 2

[3], [4] and many other problems related with real world presents the notation and formal definition of the MAX-
applications. A lot of problems presented in combinatorialCLIQUE problem. Section 3 describes the optimization
optimization are best understood when they are abstracted model based on SQL that solves this problem. Section 4
mathematical structures like graphs. Graph theory is tie fie shows the experimental design used to test the proposed
of mathematics and computer sciences that studies all theolution. Section 5 presents the conclusions derived from
aspects related with graphs. The importance of studying th#he results obtained when solving MAXCLIQUE instances
combinatorial optimization problems is the wide applicati through SQL queries.
it has in real world problems.
One of the basic problems in graph theory is the MAXI- ll. MAXIMUM CLIQUE PROBLEM
MUM CLIQUE problem (MAXCLIQUE). This problem can In this section we give a formal definition for the MAX-
be defined as the search of a complete subgraph of maximu@LIQUE problem. After that, we show the solution of an
cardinality, i.e. it contains the maximum number of versice instance of the MAXCLIQUE problem. Finally, we end the
Applications of this problem arises in coding theory [5], section analyzing the search space of the problem.
computer vision and pattern recognition [6], fault diageos . . .
[7] and protein structure similarity [8]. A. Formal Definition of the Maximum Clique Problem
Several methods have been used to solve the MAX(MAXCLIQUE)
CLIQUE problem. In the literature can be found exact and A graphG = (V, E) is described by a set of nodes
non-exact approaches. A survey about this problem can band a sett of edges (or links between pair of nodes). The
found in [9]. number of nodes of the séf represents the order of the
Most of the techniques used to solve the MAXCLIQUE graphG (denoted by G|). A graphG is calledclique when
problem rely in the use of a high level procedural languagesvery pair of nodes,j € V, wherei # j, is an edge
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(i,j) € E. The size of a clique is its order. From now cdges

on, a clique will be denoted b and its size byK]|.

The MAXCLIQUE problem can be defined as follows:
given a graphG, which subgraphC* C G is the clique
with the maximum possible cardinality*|? The set of
subgraphs ot~ that answers this question is defined by the
Equation 1. The subgrapki* is any of the subgraphs @
found in K7 ;.
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B. Example of a MAXCLIQUE instance
. N . . Figure 2. SQL tables encoding the instance of the MAXCLIQU m
Following the definition already given, an instance of thesh%\,\,n in ,:ig%re 1 g QUiehe

MAXCLIQUE problem is a graphG. Figure 1 shows an
instance of the MAXCLIQUE problem. This instance has 5
nodes and 5 edges.

:

The evaluation of the existence of a clique is made by the
° ° clausesEXISTSwhich ask for the existence of all the edges

required to form a clique. The descending order will give

the maximum clique at the first entry of the results of the

° SQL query and the keyworddMIT 1 specify that we only
want the first result (in case there is more than one solution)
o ° The name of the nodes that forms the clique and the size of
the clique is specified in thEELECTclause.
Figure 1. Instance of the MAXCLIQUE problem. The graph

G = (V,E) has the setV = {1,2,3,4,5} and the setE =

{(1,3),(2,3),(2,5), (3,4), (3,5)}. Table |

SQL QUERY THAT SOLVES THEMAXCLIQUE PROBLEM INSTANCE
SHOWN IN FIGURE 2.

Figure 2 shows the SQL instance of the gréph- (V, E)
shown in Figure 1. The the set of nodésis represented in ST~
the tablenodes; the fieldv is used to label the nodes of the (Vi Vaus # Vs Vis +15.9)
graph and the field to assign a weight to the nodes. The set  nodes asvi, nodes asva, nodes asvs, nodes as Vi, nodes as Vs
of edgesF is represented in the tabtelges; this table has EXISTS(SELECT * FROM edges as E WHERE (B.ny = Vi.v AND E.ny = Va.v)

. . AND EXISTS(SELECT * FROMedges as E WHERE (E.ny = Vi.v AND E.ny = Vi.v)
two fields used to represent each edge of the graph as pair anp x7s7Ts(SELECT * FROMedges as E WHERE (En1 ~ V0 AND Fong — ij)
of nodes. In order to find clique graphs of size smaller than 310 £Y/:7 3 SELECT: o 57 wierE (- e 1)

; i i AND EXISTS(SELECT * FROMedges as E WHERE (E.ny = Va.v AND E.ny = Vi.v)
the predefined valué, a virtual node0 and virtual edges AND EXISTS(SELECT * FROM edges as ' WHERE (.1 — Va.v AND E.p — \74;)

between it and the original nodes are added to the graph AND EX7STS(SELECT * FROMedges as E WHERE (B.n1 = Vs.v AND F.nz = Vy.0)
instance; this will result in a participation of the no@en AND 21 GO SELECT » FROMeaes oo WHERE Bt = Vo AND B2 = o)
every clique found, but this node will not count in the size ° 0 oY ¢ PESCHMIT

of the cliqgue because its value in the fields zero.

A SQL query can be used to solve the instance of The solution of the SQL query presented in Table | is
MAXCLIQUE shown in Figure 2. First of all, this query shown in the Table Il. The maximum clique size3isThe
involves a subset of sizk. The query will try to find the columns represent the combination of the maximum clique
greatest subset of size equal to or smaller thahat be a and its size. Given that we search for a clique of diz¢he
clique; it is possible because when there is no subset of siz’zumber of columns in the solution will ble+ 1, the firstk
k the query looks by a subset of size— 1 by including  columns are nodes that form the clique (a zero indicates a
one time the zero node in the solution. Moreover, smallewvirtual node and must be ignored), the size of the clique is
subsets are possible by including as much zero nodes to tlggven in the last column.
solutions as it is necessary.

The SQL query is shown in Table I. THEROM clause Table Il
generates all the possible combinations of five copies of SoLuTion oF THEMAXCLIQUE INSTANCE SHOWN INFIGURE 2.
table nodes. The WHERE clause filters the combinations STas
allowing only those in which a clique exists. TIGRDER Viw  Vew Vew Viw Vau  size
BY clause is used because the results of the query will give L =z s 5 2
all the possible combinations of nodes that yields a clique.
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C. Complexity Analysis of the MAXCLIQUE Problem cligues formed by nodes of the original graph are preferred.

For a MAXCLIQUE instance, the search space in the SQLIN general, the inclusion of the nodeand the edges with
query is defined by the cartesian product performed in thdhis node will enable the query to give as answer cliques of
clauseFROM Given that this product is betwedntables ~ Size smaller thark when a clique of sizé& does not exist.
of size N + 1 (the size of the clique and the number of The solution of this query reports the nodes in the maximum
nodes plus 1, respectively), the set of possible solutions f Clique found and the size of such clique.
the problem has a cardinality ¢fV + 1)*.

Several exact approaches have been proposed in the BNE Tablesgl_

H FORMAT OF THE GENERAL QUERY THAT SOLVES THE
literature that solve the MAXCLIQUE problem [9]. These MAXCLIQUE PROBLEM,
approaches generally work in the search space defined by

all the subsets of siz& or less of the set of nodeg of SELECT
a graphG = (V, E). This search space is equivalent to the 22:’2’?2} gﬁqnfges'
cardinality of the power set of the set of nodiés denoted FROM o
by |P(V)| and defined in Equation 2. Wy oupset definition
<constraint definitiop-
N N ORDER BY <k +1>DESC LIMIT 1
|P(V)| - Z < 7 > (2) <subset of nodes ::=
1=0 Vl.v, ey Vi .v
A comparison between the search space that potentially e e = Vies)

is searched by the SQL query is greater than the real search <subset definition ::=
space. We present experimental evidence that the solution f e les 8512, - modes a3 Vi
smaller instances of the MAXCLIQUE problem are worth of EXISTS(SELECT « FROM edges WHERE
attention through a SQL approach, taking into account that edgesnl = Viv AND edgesn2 = Va.0)

the high level of SQL avoids the programming of complex

routines in low level languages. )
Next section presents the generalization of the solution fo The structure of the query shown in Table Il can be

the particular instance of the MAXCLIQUE problem already described as follows: given the gragh = (V, E) as the

presented. SQL tapleSedges, nodes with fieldslnl .and ng in edges_
andw, s in nodes, the FROM clause indicates the cartesian
lll. SQL APPROACH FOR SOLVING THEMAXCLIQUE product ofk tables as the nodes in the maximum clique of
PROBLEM the instance that is going to be solved. TBEELECTclause

Given an instance of the MAXCLIQUE Problem as a indicates the subset of maximum size that is a clique in
graphG = (V,FE) and an integerk, 1 < k < N, we the instance’. In addition, theSELECT clause include an
propose an exact approach that finds a C|ique of iz extra field that represents the size of the Clique found in
smaller inG. The approach consists on generating a quer}ﬁhe solution process. Th&/HERE clause will contain the
in the Standard Query Language (SQL) Once that the que@ondition that must be met so that a Cquue is formed by the
has been created, it is executed in a database managem&R®RL query; these instructions are logical ANDs of query’s
system so that the solution is obtained. asking for the existence of every possible edge that must

The query shown in Table | presents the SQL query rebe contained in the Clique, i.e., the query will ask for the
quired to solve the particular MAXCLIQUE instance shown existence of(;) edges in this clause. Finally, the SQL query
in Figure 2. Table Ill shows the generalization of that queryWill sort the results by the extra field representing the size
such that any MAXCLIQUE instance defined according with Of the cliques. The descending order in combination with
the definition given at Section II-A can be solved using athe clauseLIMIT 1 allow to identify a solution returned by
SQL query and a database management. The query is givéhe query; the descending order on the size of the cliques
using the BNF notation [13]. The query uses the tabigg s makes that the largest cliques appear as the first rows in the
andnodes. The tab|eedges contains the nodes of the graph results, the clauseIMIT 1 extracts onIy the first of them.

V been solved; an extra virtual node calleds added to Note that a convenient use of the clausé/IT 1 allows

this set. A column associates the value 1 with each node iBn extension in the results reported by the query, i.e. the
the original sef’ and the valu@ with the node). The table  query can report the largest cliques found in the instance
edges is the set of edges of the instance; this set include®y specifying it in this clause (something lik&IMIT c).
extra virtual edges between nodl@nd the rest of the nodes. In this way, if different cliques of the same size existsythe
The existence of edges between nédand the rest of the Will be reported in the following tuples of the results.

nodes allows this node to participate in any existing clique In the next section is presented an experimental design to
but its contribution to the size of the clique (sso that solve random instances of the MAXCLIQUE problem.
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IV. EXPERIMENTAL DESIGN CLIQUE problem finds its applications. While the Erdos-

In this section we present the experimental design don&€nyi model is characterized by small clustering of the
to test the model based on a SQL query to solve the MAXxhodes with sma_lll average length paths, most of the systems
CLIQUE problem. In order to test the performance of thethat are found in th_e nature are best represented by highly
query we solved 62 random instances of the MAXCUQUECIustered nodes with small average length paths (or as
problem. The generators of the instances are described i€y areé commonly refered, by small-world graphs). Due

the next subsection. to this fact, we propose a second set of instances of the
MAXCLIQUE problem to test the SQL query. The second
A. Random Instance Generators model (or modelB) is one of most widely used models

Two models were considered for the generation of randonfior the generation of random small-world graphs, the Watts-
instances of the MAXCLIQUE problem. The first model, or Strogatz model [15].
model 4, is the well known Erdds-Rényi model [14]. This ~ The modelB starts with a regular lattice and progressively
model works as follow: given the number of nodesand  rewires the edges with a probability The rewiring process
a probabilityp, each edgdi, j) € F of the resulting graph means that every edgg,j) € E is disconnected with a
G = {V, E} is selected with a probability, i.e., a random probability p (the rewiring probability) from one of its end
number is generated for each of t@) possible edges that points and reconnected to another one. A regular lattice is
a graph can have, and those edges with a random numbargraph where each node has an edge with: itsearest
smaller tharp will belong to the graph. neighbors, where is called the coordination number. The
Algorithm IV.1 shows the pseudocode of the modefor ~ pseudocode for the mod#lis shown in the Algorithm IV.2;
generation of random graphs. This algorithm takes as inpuhis algorithm takes as input the number of nodesthe
the number of nodes and the density and gives as output coordination number and the rewiring probability and
a graphG = (V,E), where|V| = n and |[E| ~ p- (7).  returnsa random graph based on that values.
Each edgdi, j) € E is selected with a probability.

Algorithm IV.2: MODELB(n, z, p)

Algorithm IV.1: MODELA(n, p)

comment: Output : Graph G = (V, E)

G <+ BUILDREGULARLATTICE(n, 2)
for i< 1ton
for j«<1ton

comment: Output : Graph G

fori<—1ton
for j«1ton

g < RANDOMNUMBER(0, 1) if (i,j)eE
do do if ¢g<p do then
then do ¢ < RANDOMNUMBER(0, 1)
{ADD(G, i, ) if ¢g<p
return (G) then REWIRE(G, i, 7)
return (G)

A MAXCLIQUE instance using the algorithm previously
described is shown in Figure 3. This instance has an number
of nodes 6 and a value @f equal t00.4.

Figure 3. Random Instance of the MAXCLIQUE problem with 6 esd
andp = 0.4. The set of nodes i = {1,2,3,4,5,6} and the set of
edges isEl = {(1,6), (2,3),(2,4),(2,5),(3,5), (4,5)}. A clique of size
3 is formed with the node8, 3 and 5.

Figure 4. Random graph generated by moBela) initial regular lattice
with 8 nodes and coordination number= 2; b) random graph generated
after rewiring the edges with a probabiliy= 0.50.

Figure 4 shows an instance generated by the madtel
A disadvantage of using only the Erdds-Rényi model isFigure 4(a) presents the initial regular latticesafiodes with
that it doesn’'t model well the systems where the MAX- coordination numbet = 2. Figure 4(b) shows the resulting
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Table IV

graph a}f.ter applying the generation modgWith a rewiring RESULTS FROM SOLVING THE SETS; OF RANDOMMAXCLIQUE
probability of p = 0.50. INSTANCES. THE CLIQUE SIZE WAS SET TOk = 15.
The next section presents the experimental results ob- .
. . . ime
tained from solving the random instances generated by the | cases| » | » | & w | (sec)
i i i i 1 10 030 0000000000003 79 3 0.10
two modgls presented in this sect_|on. The |n§tances were | 5 10| 0% 000000000000467 s | 018
solved using, the SQL query described in Section Il 3 |10/ 060/ 000000000034679 5 | 030
4 10| 0.75| 000000000345678 6 0.63
. . 5 10 | 090 | 0000000013467810 7 1.68
B. Computational Experiments 6 |20/ 030|000000000008101418 4 | 140
. ) ) 7 20| 045, 000000000046 111520 5 2.99
In this section we present the general overview of the 8 |20]060/0000000025912141819 |7 | 9.86
. . . 9 201 075/ 0000005791214 1617 18 19 9 68.96
experimentation, the instances solved by the SQL queryand | 10 |20 | 0.90| 12346781013 14 15 16 18 19 2 15 | 1222.83
11 30| 030 0000000000112142225 5 6.28
the features qf the hardwa_re and .the database management 5 | 30| 045 | 0000000011214 2022 2528 | 7 | 16.10
system used in our experimentation. The results are sum-| 13 |30 060 000000168141722232527 | 9 | 86.22
. . . . 14 30| 075]| 000258141517 20 222327283012 | 815.30
marized in several tables that contain information aboet th
size of the clique found and the time spent by our approach
to find it. for the instances with = 50 nodes. The last three columns

1) Features of the hardware and softwar&he random  ghqws the results for the instances with= 70 nodes. For

instances generator was implemented in C language angdych instance is listed de size of the maximum clique found

compiled with gcc. The instances were generated in 3xc*| and the time in seconds spent by the query to find it.
Desktop Computer with an Intel(R) Core(TM) 2 CPU 2400

6400 @ 2.13 Ghz processor, 3Gb of RAM and Ubuntu 8.10 Table V

Intrepid Ibex Operating System, and the query resulting1fro RESULTS FROM SOLVING THE SET OF LARGE RANDOMAXCLIQUE
INSTANCES WITH THESQL QUERY. THE VALUE OF THE MAXIMUM

each instance was executed in MySQL 5.0.67. CLIQUE SIZE TO BE SEARCHED WAS SET Td: = 5.
2) Instances:The experiment was carried out using 62
instances which were created by the random instance gen-| Instance Time Instance Time
: : : ; (n, 2, p) [K*] | (sec) (n, 2, p) I | (sec.)
erators described in the Section IV-A. Two sets of instances (50 5,0.20) 6 | 7.80 || (70,10,0.20) | 8 | 33551
are included in the experiment. The first set (or Se} is 58 g 828) 2 g-gg (Zg, 18, 8-28) g ig‘i-ig
shown in Table IV; this set is of small instances created EEO 5 050; 4 | 504 gm’ 10 0:503 6 | 12688
using the model and includes 14 instances with less than (50, 6,0.20) 6 | 10.73 || (70,11,0.20) 9 504.95
30 nodes. The number of nodes and density of each instance 88 o gigg N g;g ﬂgjg% 7| a8
is shown in column® and3, respectively. (50,6,0.50) 5 | 830 || (70,11,0.50) | 7 | 168.17
The second set of instancés includes larger instances 88 ; 8383 ; ii-;g 2?8’ g’g-gg% g gg;-gg
created using the modeB. Table V lists in columns 1 (50.7.0.40) | 6 | 14.02 (70,12,0.40) | 7 | 280.25
and 4 the different values for, z, p used to create each of Egg ; 8383 g éigg §§8’ g 8-383 170 ;ig-;g
the 48 instances of the set. Basically, the number of nodes | (50 s, 0.30) 7 | 1899 | (70.13,0.30) | 9 | 569.04
considered were = {50, 70}, the coordination value was (gg S 8;18) g ig-gg (;87 g 8-;18) g gg?-ig
varied from5 to 15 and the rewiring probability values were ESO 9.0. 20; 8 | 35.06 gm: 14 0:20§ 10 | 142351
p = {0.20,0.30,0.40,0.50}. (50,9,0.30) 7 | 2550 || (70,14,0.30) | 8 | 737.20
3) Parameters of the test caseshe parameter required Egg g 8‘518; 2 gfjgg gg’ ﬁ’ 8:;8; 3 igg:gg
for the experiments was the size of the maximum clique | (50,10,0.20) | 9 | 62.15| (70,15,0.20) | 11 | 2081.27
: ; ; (50,10,0.30) | 7 | 38.39 | (70,15,0.30) | 8 | 719.54
(or k). _The experiments were don_e in 2 different stages. (30.10040) | 7 | 3807 (0.15.040) | 8 | 61733
In the first step the se%; was considered and tested with (50,10,0.50) | 6 | 32.21 || (70,15,0.50) | 7 512.06

k = 15, the results from solving these cases are shown in
the Table IV. The column 1 shows the instance. The column The results shown in Table V show instances with an
2 shows the set of nodes that form the clique (a zero valuaverage small clique size (modélgenerated instances with
represents a virtual node, for cliques of size smaller than greater cliques in graph with less nodes). The performance
The column 3 contains the size of the maximum clique. Theof the SQL query over the sef; is better than in the set
column 4 shows the time consumed by the query. S1, i.e. in some instances from the sgt the SQL query
According with the results shown in Table 1V, the SQL spent more time to find a clique of almost the same size
query solved almost all the instances with less than 30 nodeban in the larger instances found in the $gt A natural
and found cliques of size in the range from 3 to 15. explanation of this behavior is that small-world graphsiten
In the second step of the experimentation theS$ewvas  to be sparse, which weaken the possibility of finding large
considered. Also, in this experiment the value of the cliquecliques, and the nodes are highly clustered, which afféets t
size was set t& = 15. The results from this experiment are number of different subgraphs that could be a clique; these
shown in Table V. The first three columns shows the resultswo characteristic can improves the performance of the SQL
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query in the sense that the cartesian product exclude a largg] Y. N. Sotskov, V. S. Tanaev, and F. Werner, “Scheduling

number of solution during the solution of the instance.

In general, the time spent by the SQL approach to solve
the random instances varies from a few seconds to almos
two hours. Note that this amount of time consumed by the
query to find the maximum cliques is relatively small in
comparison with the theoretical search space. For example,
the instancel0 shown in Table IV have a clique of size
k = 15 and the query only spenf22.83 seconds to find it
among the31'® possible solutions. This performance can be
mainly explained by the fact that the cartesian product ts no
done at once, instead it starts with two tables and continue
adding them one by one until it is completed. Each time [
that two tables are combined, those tuples that do not match
the conditions specified are left out from the rest of the
operation; this action results in a considerable redudtion
the search space that contributes to a quick localization of
the wished result.

Finally, according with the results showed in this section,

we can conclude that the model based on SQL querieg

can solve instances of the MAXCLIQUE problem when the
number of nodes and/or the size of the clique searched are
not too large.

V. CONCLUSIONS

This paper presents a novel approach for solving the
MAXCLIQUE problem using a SQL query. The query was
tested in a set of 62 random MAXCLIQUE instances created

through the Erdds-Rényi and Watts-Strogatz models. Thel®]

query performs well in small sparse instances, or instances
where the maximum clique is small. The limitations of the
model are given by the database management system used
to solve the query.

The simplicity of the SQL approach makes it easier to use
than procedural languages approaches, in the sense that it
does not require complex structures nor programming skillg; 1
to solve the problem. The performance of the SQL approac
depends on the query optimization tools implemented in the
database managements system. The results shown that it is
possible to solve an important optimization problem using
high level non-procedural languages without coding a line.

Currently we are trying to extend the range in which a
SQL query approach for the MAXCLIQUE problem works
in reasonable time.
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